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Optimization Sum of Terms

A Datum Function

fi(w) =€ (hyp(x"),y") + AR(w)

Zz(hw(xi),yi)HR(w) = 12
— 12;’@

Finite Sum Training Problem

) + AR(w))



Issue with variance of SGD



Complexity / Convergence

Theorem
If fis p—str. convex, f; is convex, L;—smooth, o € |0, 3 Ll ]
then the iterates of the SGD satisty 0% i B ||V £ (w2
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Complexity / Convergence

Theorem

If fis p—str. convex, f; is convex, L;,—smooth, a € [O, > Ll ]

then the iterates of the SGD satisfy B[V f; ()] |2

E ([l —w*|l8] < (1 - ap)|ju® - w HQ+J'

a

A
Where did this term This stops SGD from
come from ? naturally converging
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™ — w3 = " —w* —aVf;(w)]3

= ' —w*||3 = 2(V f; (), w" — w*) + ||V f;(w")[[3.



Poot ]
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Taking expectation conditioned on respect to v’



Poot T
"™ w3 = |lw' —w* —aV (w3
= [’ —w*[|3 = 2(V fj(w"), w" —w) + ||V f; (w")]]3.

Taking expectation conditioned on respect to

Ej [[lw™* —w|5] = [[w'— w3 —2(Vf(w'),w’ —w") + ?E; [[|Vf;(w")|]3]
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Poot ¢
"™ w3 = |lw' —w* —aV (w3
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Taking expectation conditioned on respect to wF
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Poot T
"™ w3 = |lw' —w* —aV (w3
= [’ —w*[|3 = 2(V fj(w"), w" —w) + ||V f; (w")]]3.

Taking expectation conditioned on respect to wF

Ej [[lw™* —w*|5] = [[w'— w3 —2(Vf(w'),w’ —w") + ?E; [[|Vf;(w")|]3]

quasi strong Gonv < (1 — a0’ — w*|[§ — 2a(f(w") — f(w*)

E; [[IVf )3 < 2E; [[IVF(w') = VI *)]3] + 2E; [[[Vfi(w

-—> AL (F(w) — F(w)) + 207

2
2
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Poot
™ — w3 = " —w* —aVf;(w)]3

= ' —w*||3 = 2(V f; (), w" — w*) + ||V f;(w")[[3.

Taking expectation conditioned on respect to wF

Ej [[lw™* —w*|5] = [[w'— w3 —2(Vf(w'),w’ —w") + ?E; [[|Vf;(w")|]3]

-_>§ (1= ap)llw’ = w*||3 = 20(f (w) = f(w")) + of

3]

2
2

E; [[IVf )3 < 2E; [[IVF(w') = VI *)]3] + 2E; [[[Vfi(w

-—> < AL (F(w) — (7)) + 207

E; [l — w3 < (1 ap)llwt — w |+ 227 Lmax — D(f(w) — f(w")) + 20707

-—> < (1—ap)lfw’ — w3+ 20207

VAN



Proot
"™ w3 = |lw' —w* —aV (w3
= [Jw" —w*[[3 = 2a(Vf; (w"), w" —w") + [V f;(w)][5.

Taking expectation conditioned on respect to w' | E[Vf;(w)] = V.f(w)

Ej [[lw™* —w*|5] = [[w'— w3 —2(Vf(w'),w’ —w") + ?E; [[|Vf;(w")|]3]

quasi strong conv < (1= ap)|lw' — w3 = 2a(f(w') — f(w*)) + ofE; [||V f;(wh)]]3)

E; [[IVf(wh]3] < 2E; [||[Vf(w') = Vfi(w)|[3] + 2E; [[|Vf;(w*)]]3]
fi is cvx and B . 5
L ax—smooth . 4Lmax(f(w) f(w )) +20
E; [[Jw™t —w*|3] < (1 —oap)|jw’ —w*]3+27(27Lmax — 1)(f(w) — f(w*)) + 20°0?
o< szm < (1-apljw' —w*|3 + 20%0°

Proof follows by expanding recurrence and summing up



SGD initially fast, slow later

Convergence plot
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Can we get best of both?

Error of objective
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Convergence plot
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Today we learn about
Methods like this one
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Stochastic variance reduced
‘methods

21



Build an Estimate of the Gradient

Instead of using directly V f;(w") =~ V f(w")

= Use Vf;(w") to update estimate g: ~ V f(w")

S S gt J

We would like gradient estimate such that:

Good
esti‘::ate gt ~ vf(wt) J

Converges

Eellgt]2  — oj

wt—w*

t

22
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Build an Estimate of the Gradient

Instead of using directly V f;(w") =~ V f(w")
= Use Vf;(w') to update estimate g: ~ Vf(w') =

S S ~gt J

Typically unbiased

We would like gradient estimate such that: Elg" = Vf(w')
Good
esti(::ate gt ~ vf(wt) J
Converges

wt—w*

Eellgt|2  — oJ




25
Build an Estimate of the Gradient

Instead of using directly V f;(w") =~ V f(w")
= Use Vf;(w') to update estimate g: ~ Vf(w') =

S S ~gt J

Typically unbiased

We would like gradient estimate such that: Elg'] = Vf(uw')
Good
estimate gt ~ Vf(wt) J
Solves SGD problem
Converges ’ E; [|IVf;(w")ll2]
in L2 Elgllz — O

wt—w* J




HehLewel Pootunen Elyf) = VS
o™ —w*[[5 = [Jw" —w" —~g"|[3

t

= |Jw! —w*||3 — 29(g", w' — w*) +~?||¢"|3.

Taking expectation conditioned on respect to 1’

B ([lw™ —w3] = [lw'—w*|f —29(Vf(w'), w’ —w*) + B¢ [[lg]]3]

‘S (1= ymllw' —w*|5 = 29(f(w') — f(w*)) +G*Ee [[19']13]




HenLovel Pootunen Bly') = V@)
o™ —w*[[5 = [Jw" —w" —~g"|[3

t

= |Jw! —w*||3 — 29(g", w' — w*) +~?||¢"|3.

Taking expectation conditioned on respect to 1’

B ([lw™ —w3] = [lw'—w*|f —29(Vf(w'), w’ —w*) + B¢ [[lg]]3]

‘S (1= ymllw' —w*|5 = 29(f(w') — f(w*)) +G*Ee [[19']13]




HehLevel Pootunen Elyf) = Vi)

o™ —w*[[5 = [Jw" —w" —~g"|[3

t t

,wh —w*y +2|g"|]5.

= |lw' — w3 = 2v(g

Taking expectation conditioned on respect to 1’

B ([lw™ —w3] = [lw'—w*|f —29(Vf(w'), w’ —w*) + B¢ [[lg]]3]

‘S (1= ymllw' —w*|5 = 29(f(w') — f(w*)) +G*Ee [[19']13]

‘What exactly should ¢* be?




Controlled Stochastic Reformulation

Covariate functions:
zi:w = zi(w) € R, fori=1,...,n

% D filw) = E[fi(w)] = E[fi(w)] - Elzi(w)] + Elz: (w)]

1~ =
n

29
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Controlled Stochastic Reformulation

Covariate functions:
zi:w = zi(w) € R, fori=1,...,n

Cancel out

% D filw) = E[fi(w)] = E[fi(w)] - Elzi(w)] + Elz: (w)]

1~ =
n



31

Controlled Stochastic Reformulation

Covariate functions:
zi:w — zi(w) € R, fori=1,...,n

Cancel out

—Zfz fi(w)] = E[fi(w)] — E[z;(w)] + E[z;(w)]
io = E[fi(w) — z(w) + Elz(w))]

e
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Controlled Stochastic Reformulation

Covariate functions:
zi:w — zi(w) € R, fori=1,...,n

Cancel out

_Zfz filw)] = E[fi(w)] — E[z;(w)] + Elz; (w)]
inL = E|fi(w) — z(w) + Elz(w)]]

Original finite Controlled Stochastic Reformulation
sum problem

@i‘éﬁiimw) ” min Blfi(w) = z(w) + Bl )]

/ Use covariates to control the variance /




Variance reduction as SGD

min K [fz(w) — zi(w) + E[zz(w)]]

wERd

33



Variance reduction as SGD

min K [fz(w) — zi(w) + E[zz(w)]]

: 1

wERd

.1
Sample i ~ =

W = w' — g, (w')

J

34



Variance reduction as SGD

min K [fz(w) — zi(w) + E[z; (w)ﬂ

: 1

wERd

Sample 7 ~ %

t+1

Wt =w! —yg(ut)

_
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Variance reduction as SGD

min K [fz(w) — zi(w) + E[z; (w)ﬂ

: 1

wERd

Sample 7 ~ %

t+1

Wt = w! —yg(ut)

_
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Variance reduction as SGD

min K [fz(w) — zi(w) + E[z; (w)ﬂ

weRT
Sample 7 ~ %
Wt = g ()
How to choose zi(’w)ﬂ
—

/
/
Ve
/
/
Ve
Ve
A
4
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Noise of covariate estimate

. 1
Sample i ~ =

wt—|—1

= w' — VQz'(wt) P

Eifllg:(w)I’] = Ei[IVfi(w) = Vzi(w) + E[Vzi(w)]|?]

= E[|Vfi(w) - Vzi(w) + E[Vz(w) — Vf(w)] + Vf(w)]?]

IA
DO
=

IV filw) = Vzi(w) + E[Vzi(w) = Vf(w)]]|* + 2]V f(w)]?

IA
N\
=

IV fi(w) = Vai(w)* + 2|V f (w)|]?
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Noise of covariate estimate

Sample 7 ~ %
w = w' — VQz'(wt) P
Efllg:(w)|?] = ElIVi(w) - Vzi(w) + E[Vz(w)]]?]
o = ElIVAw) - Vziw) + EVz(w) - V)] + Vfw)|]]

IA
DO
=

IV filw) = Vzi(w) + E[Vzi(w) = Vf(w)]]|* + 2]V f(w)]?

IA
N\
=

IV fi(w) = Vai(w)* + 2|V f (w)|]?
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Noise of covariate estimate

Sample 7 ~ %
w = w' — VQi(wt) P
Efllg:(w)|?] = ElIVi(w) - Vzi(w) + E[Vz(w)]]?]
o = ElIVAw) - Vziw) + EVz(w) - V)] + Vfw)|]]

IA
DO
=

IV filw) = Vzi(w) + E[Vzi(w) = Vf(w)]]|* + 2]V f(w)]?

IA
DO
=

IV fi(w) = Vzi(w)[|* + 2|V f(w)|]*

E[|X - E[X]|I"] < E[I|X]®
whereX := Vf;(w) — Vz;(w)
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Noise of covariate estimate

Sample 7 ~ %
t+1 ot ot
W =w —qgi(w)
Eillgi(w)|?] = Ei{IVfi(w) - Vai(w) + E[Vz(w)]|
ol = EdIVAw) = Va(w) + E[Vz(w) — V(w)] + VF(w)|?]

IA
DO
=

IV filw) = Vzi(w) + E[Vzi(w) = Vf(w)]]|* + 2]V f(w)]?

IA
DO
=

IV fi(w) = Vzi(w)[|* + 2|V f (w)|]*

E[llX — E[X]II*] < E[IX]°

Converge to 0 as w! — w*
whereX := Vf;(w) — Vz;(w)
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Noise of covariate estimate

Sample 7 ~ %
t+1 ot ot
W =w —qgi(w)
Eillgi(w)|?] = Ei{IVfi(w) - Vai(w) + E[Vz(w)]|
ol = EdIVAw) = Va(w) + E[Vz(w) — V(w)] + VF(w)|?]

IA
DO
=

IV filw) = Vzi(w) + E[Vzi(w) = Vf(w)]]|* + 2]V f(w)]?

IA
DO
=

IV fi(w) = Vzi(w)[|* + 2|V f (w)|*

E[llX — E[X]II*] < E[IX]°

Vzi(w) = V fi(w) Converge to 0 as w' — w*
whereX := Vf;(w) — Vz;(w)



Choosing the covariate as a
linear approximation

We would like: Vzi(w) = Vfi(w)

50



Choosing the covariate as a
linear approximation

We would like: Vzi(w) = Vfi(w)
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Choosing the covariate as a
linear approximation

We would like: Vzi(w) ~ Vf;(w) 4—-
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Choosing the covariate as a
linear approximation

We would like: Vzi(w) ~ Vf;(w) 4—-

Use snapshot: Vzi(w) = Vf(w) J

ez

53
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Choosing the covariate as a
linear approximation

We would like: Vzi(w) = Vfi(w) C()E;zi:‘:'f‘;? tacl’l i

Use snapshot: Vzi(w) = Vf(w) J

Reference point.
. Rarely update
If fi(w) is Lyax—smooth i

: 1

IV filw) = Vfi(@)|] < Lmax|jw — ’Jfb




Choosing the covariate as a
linear approximation

We would like: Vzi(w) = Vfi(w) C()E;zi:‘:'f‘;? tacl’l i

Use snapshot: Vzi(w) = Vf(w) J

Reference point.
. Rarely update
If fi(w) is Lyax—smooth o/ ol

: 1

IV filw) = VFi(@)|| < Linax||w — @b

Efllg: (@) < Eilllw —al? + 2]V (w)]?




Choosing the covariate as a
linear approximation

We would like: Vzi(w) = V f;(w) COE;E?J:‘:';(’; ta‘; I_

Use snapshot: Vzi(w) = Vf(w) J

Reference point.
. Rarely update
If fi(w) is Lyax—smooth P

: 1

IV filw) = VFi(@)|| < Linax||w — @b

But update frequently
enough to control noise

Eflg: (@) < Eilllw —al? + 2]V (w)]?

56



SVRG: Stochastic Variance reduced
method gradient |k emsnsmens 21urs

t+1

w' = w' — yg;(w’) J

Reference pointJ w € R

Sample J Vfi(w"), ii.d sample with prob %

Grad. estimate J gi(w') = Vf;(w") — Vfi(w) + Vf(w)
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free-SVRG: Stochastic Variance
Reduced Gradients | L fonhsonsznang || S5F) Sebboun et al 2019
Set w" = 0 = x*, choose v > 0,m € N,
ay > 0 with Z?;Bl =
for s=1,2,...,T
5’32 =Ty
for t =0,1,2,. 1
11dsamplez~ 1
gt =Vfi(al) — sz( =) 4+ V(w1
S=z, =g
Wt = Zt:61 O‘tmg
Output w! 1

“ Most iterates cost O(1)

, Tune inner loop size m



free-SVRG: Stochastic Variance >0
Reduced Gradients | 7E xsa™ | 5L bl ™"

Set w" = 0 = x*, choose v > 0,m € N,
ap >0 with 7 oy =1

for s=1,2,...,T
Ty =25

0 —
fort=0,1,2,.... m—1
1.1.d sample 7 ~ %
Adding gi :1 sz§$g) —tVfi(u?S_l) - Vf(ws_l)
indices in +1 __ _
tan(c:iej N +1x8 _mzf“i 7’3
W =) ey,
Output w! 1

“ Most iterates cost O(1) , Tune inner loop size m



free-SVRG: Stochastic Variance °0
Reduced Gradients | 7E xsa™ | 5L bl ™"

Set w" = 0 = x*, choose v > 0,m € N,
ay > 0 with Z?l?)l =

for s=1,2,...,T
0

Y ¢ )
xs _ xs—l

fort=0,1,2,.... m—1

i.i.d sample i ~ +

n
b — t Hs—1 ~s—1
Adding g =Vfi(z) = Vfi(w*™ ")+ Vf(w® )
;ndk;es in leg+1 — xé L ,Ygt
T STl = Zm_l ot Reference point is an
T t=0 tvs average of inner iterates
Output w

“ Most iterates cost O(1) , Tune inner loop size m



SAGA: Stochastic Average Gradient

Defazio, Bach, & Lacoste-Julien, 2014 NIPs

Adobe

t+1

o =t g )|

Sample J Vfi(w"), ii.d sample with prob %

Grad. estimate J

gi(w") = Vfi(w') = Vfi(w") + 5 ZVJ‘}

Store grad. J Vfi(w') = Vf;(w")

61
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SAGA: Stochastic Average Gradient

Defazio, Bach, & Lacoste-Julien, 2014 NIPs

AAAAA

t+1

W=t g ()

Sample J Vfi(w"), ii.d sample with prob %

Grad. estimate J

gi(w") = Vfi(w') = Vfi(w") + 5 ZVJ‘}

Vzi(w') = Vfi(w")

Store grad. J Vfi(w') = Vf;(w")
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SAGA: Stochastic Average Gradient

Defazio, Bach, & Lacoste-Julien, 2014 NIPs

Adobe

t+1

W= it <) |

Sample J Vfi(w"), ii.d sample with prob %

Grad. estimate J

gi(w") = Vfi(w') = Vfi(w") + 5 ZVJ‘}

Ve (w') = Vf;(w') E[V 2 (w®)]

Store grad. J Vfi(w') = Vf;(w")
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SAGA: Stochastic Average Gradient

Defazio, Bach, & Lacoste-Julien, 2014 NIPs

AAAAA

t+1

W= it <) |

Sample J Vfi(w"), ii.d sample with prob %

Grad. estimate J n

gi(w') = Vfi(w') = Vfi(w') + 1>V f;(w)




SAGA: Stochastic Average Gradient

Set w® = 0,9, = Vf@-(wo), fore=1....n
Choose v > 0
fort=20,1,2,...,T —1
sample ¢ € {1,...,n}
9" = Vfi(w') — g; + % Z?:l gj
wtt! = wt — gt
9; = V fi(w")
Output w’

“ No inner loop, rolling update ,l Stores a d x nmatrix

65
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SAG: Stochastic Average Gradient
( B i a Se d Ve rS i O n ) - M. Schmidt, N. Le Roux, F. Bach (2016), Math prog

t+1

W=t g )

Sample J Vfi(w"), iid sample with prob =

Grad. estimate J

gi(w') = 3 2 Vi) Elg]# Vf(w')

[S—

g;(w) := VI wr=a1w) + E[Vz; (w)]

— —

Store grad. J Vfi(w') = Vf;(w")




SAG: Stochastic Average Gradient

Set w’ =0,9; = Vf;(w?), fori=1,...,n
Choose v > 0
fort=20,1,2,...,T —1
sample 7 € {1,...,n}
g; = V fi(w") (update grad)
g' = %2?21 9;
w1l =t — gt
Output w’

“ Very easy to implement ,l Stores a d x n matrix




SAG: Stochastic Average Gradient

Choose v > 0
fort=20,1,2,...,T —1
sample 7 € {1,...,n}
= V fi(w") (update grad)
9" = % 2?21 9j
wttl = wt — ~gt
Output w?’

Set w’ =0,¢9; = Vf;(w?), fori=1,...

s T

“ Very easy to implement

,l Stores a d x nmatrix

EXE: Introduce a variable G = (1/n) > _._; g;. Re-write the SAG

algorithm so G is updated efficiently at each iteration.

68
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@] o=0.1

The Stochastic Average Gradient

250 |

—
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The Stochastlc Average Gradle Nt

1
@f
O a=0.1
25} |
2 .
1 B =)

h

How to prove this converges? Is this the only option?



Stochastic Gradient Descent
a =0.5

|
W
|
n
%)
|
n
op O

0.5

71



Convergence Theorems

2



Assumptions for Convergence

Strong Convexity

Fw) = £(y) + (VF(),w—y) + Sllw -yl

Smoothness + convexity
L;
filw) < fi(y) + (Vi(y),w = y) + < llw = yll5

filw) = fily) + (Vfi(y), w —y) for i =

’ooo

73



Convergence SAG

Theorem SAG
If f(w) is p—strongly convex, f;(w) is cvx & Lyax—smooth

and o = 1/(16L,ax) then

1 7 !
[Hw — w™||5 } (1—m1n{8n, 16Lmax}) Co

3 4L
where Cy = 5(f(wo) — f(w™)) + ;;na’XHwO —w*||5>0
A practical convergence Because of biased gradients, difficult proof
result! that relies on computer assisted steps

M. Schmidt, N. Le Roux, F. Bach (2016)

Mathematical Programming
ol Minimizing Finite Sums with the Stochastic Average
obe

Gradient.
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Convergence SAGA

Theorem SAGA
If f(w) is p—strongly convex, f;(w) is cvx & Lyax—smooth
and o = 1/(3Lax) then

1 7 ‘
[Hw — w*||5 ] (1—m1n{4n, 3Lmax}) Co

(f(w") = f(w™)) + [[w” —w"|l3 = 0

where Cy =

An even more practical

convergence result! Much easier prove due to unbiased estimate

A. Defazio, F. Bach and J. Lacoste-Julien (2014)
NIPS, SAGA: A Fast Incremental Gradient Method
ol With Support for Non-Strongly Convex Composite
one

Obijectives.
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. . 6
free-SVRG: Stochastic Variance !
Reduced Gradients | 7E xsa™ | 5L bl ™"

Set WY = 0 = z*, choose v > 0,m € N,
ap >0 with 7 oy =1

for s=1,2,...,T
Ty = T4

0 =
fort=0,1,2,...,.m—1
1.1.d sample 7 ~ %
Adding gt — sz(f;) — vfv;(”tflvfs—l) + Vf(ws—l)
indices in t+1 _ .t t
o — 74" = 24—
W =) T ey,
Output @’ 11

“ Most iterates cost O(1) , Tune inner loop size m



free-SVRG: Stochastic Variance "
Reduced Gradients | 7E xsa™ | 5L bl ™"

Set WY = 0 = z*, choose v > 0,m € N,
ap >0 with 7 oy =1
for s=1,2,...,T
Ty = T4
fort =0,1,2,. —1
11dsamplez~ 1
Adding gt =Vfi(al) — vfz(ws 1) + Vf(ws—1)
indices in t+1 _ .t t
fott—— 5 = — 79 —
Zt:O QT o = ( Vi)
Output wt 1 Yo (L= gt

“ Most iterates cost O(1) , Tune inner loop size m
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Convergence Theorem for SVRG

Theorem
If f(w) is p—strongly convex, f;(w) is Lyax—Smooth

U(z,w) = ||z — w*||* + enst x (f(@0) — f(w"))

m—1
where cnst := 8 LyaxY” Z (1 —yp) /
\ 1=1

.%é Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019
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Convergence Theorem for SVRG

Theorem
If f(w) is p—strongly convex, f;(w) is Lyax—Smooth

U(z,w) = ||z — w*||* + enst x (f(@0) — f(w"))

If v < then
6 max ¢
N m 1 _
‘ E[W (2], )] < max {(1 — )™, 5} (], o)
m—1
where cnst := 8 LyaxY” (1 —~yp) /
| i=1

.%é Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019




80

Convergence Theorem for SVRG

Theorem
If f(w) is p—strongly convex, f;(w) is Lyax—Smooth
U(z,w) = ||z — w*||* + enst x (f(@0) — f(w"))

If v < ; then

B swera) < mad 07 1 e @)

m—1
where cnst := 8Lmax72 E 1 — ’Y,M Free to choose the number/
1=1

of inner iterates m
__”

.%é Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019
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Convergence Theorem for SVRG

Theorem
If f(w) is p—strongly convex, f;(w) is Lyax—Smooth

U(z, W) = ||z — w*||* + cnst x (f(zb) — f(w*))
then

If v <

6 max

E[W(z", ws)] < max{(l—w)m, %}t‘lf(w&wo)

m—1
where cnst := 8Lmax72 E 1 — ’Y,U Free to choose the number/
1=1

of inner iterates m
___”

Corollary If 7y =1/6Lyax and m =n

6 Lmax 1 E[Hx? o w*HQ]
— _ <
t O(m P >1og(€> (20, ) <e€

l%e Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

J
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Comparisons in total complexity for

strongly convex

Approximate solution
E[f(w")] = f(w*) <e or Efw’—w'|*<e

SGD Gradient descent SVRG/SAGA/SAG
1 L 1 Lmax 1
o) o(Tes@) o) (l)
€ ] € U €
Variance reduction faster than GD when L > o+ Liax /1

How did | get these _ _
Section 1.3.5, R.M. Gower, Ph.d thesis: Sketch and

complexity results from # g Project: Randomized Iterative Methods for Linear Systems
the convergence M and Inverting Matrices University of Edinburgh, 2016
results?




Practicals implementation of SAG
for Linear Classifiers

Finite Sum Trammg Problem L2 regularizor *

linear hypothesis

mm —Z€ w, ,y %HwH%



Practicals implementation of SAG
for Linear Classifiers

Finite Sum Trammg Problem L2 regularizor *

linear hypothesis

mm —Z€ w, ,y %HwH%

Viilw) = €’(<w,aj ),y )zt 4+ Aw



Practicals implementation of SAG
for Linear Classifiers

Finite Sum Trammg Problem L2 regularizor *

linear hypothesis

mm —Z€ w, T ,y %HwH%

Vfi(w) = f\’(<w,x Y+

Y -

Nonlinear Linear
in w in w




Practicals implementation of SAG
for Linear Classifiers

Finite Sum Training Problem L2 regularizor +

linear hypothesis

mm —Z€ W, :1;' ’\||w\|2

V fi(w) zf\’((w,az ,y)az + Aw

Y -

Nonlinear Linear
in w inw
Only store real number Bi = 5/(<’wti ; $i>> yz)

Reduce " ; ,
Storage  Stoch. gradient estimate V /i (w Z) = B;x" + A\w
to O(n) n

Full gradient estimate g = % Z Bix; + Aw’



Proving Convergence
of SVRG
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Proof:
|25 — w3 = |lzs —w* — g3
= |Jzf —w*|f5 = 2v(¢", L — w*) +?|Ig"]]5.
Taking expectation with respect to J Unbiased estimator
E; |||lo5 — w*[3] = |25 — w*[|3 = 29(V f(2}), 25 — w*) +°E; [[lg"] 3]
str. conv. . o112 . . 0 ‘1o
< (1 = p)ll2g — w3 — 29(f(2%) — f(w*) +°E; [[lg']3]

Need to | .
bound this! oy [”9 ||2]
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Smoothness Consequences |

Smoothness

Fw) < F) + (VI w —y) + Zllw—yl3, fori=1....n

EXE: Lemma 1 ) |
fly—+VIW) - f) < =7 IVFWIE Vy.

Proof:

1
Substituting w = y — EV f(y) into the smoothness inequality gives

flu—2V5W) ~ f&) < (VW) ~ V@) + 51~ VW3
= L IVIWI3
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Smoothness Consequences Il

Smoothness
L;

fi(w) < fiy) + (Vfi(y), w —y) + <7 llw = yll3, fori=1,...,n

EXE: Lemma 2
E[||V fi(w) = Vfi(w*)|[5] < 2Lmax(f(w) — f(w"))

Proof: Lct g;(w) = f;(w) — fi(w*) — (Vfi(w*),w — w*) which is L;—smooth.
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Smoothness Consequences Il

Smoothness
L;

fi(w) < fiy) + (Vfi(y), w —y) + <7 llw = yll3, fori=1,...,n

EXE: Lemma 2
E[||V fi(w) = Vfi(w*)|[5] < 2Lmax(f(w) — f(w"))

Proof: Lct g;(w) = f;(w) — fi(w*) — (Vfi(w*),w — w*) which is L;—smooth.
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Smoothness Consequences Il

Smoothness
L;

fi(w) < fiy) + (Vfi(y), w —y) + <7 llw = yll3, fori=1,...,n

EXE: Lemma 2
E[||V fi(w) = Vfi(w*)|[5] < 2Lmax(f(w) — f(w"))

Proof: 1ct g;(w) = f;(w) — fi(w*) — (Vf;(w*), w — w*) which is L;~smooth.

Convexity of f;(w) = g;(w) > 0 for all w. From Lemma 1 we have
() > gi(w) — gi(w — —Vgs(w)) > ——||Vgi(w)[l3 > ———|Vgi(w)]3
g g g L, g 2L, g 2 WU gi\Ww)||2
Insertilng definition of g;(w) we have p—

2L max [V fi(w) =V fi (w5 < filw) = fi(w") = (Vfi(w"),w —w")

Result follows by taking expectation of 2.




Bounding gradient estimate

9" = Vfi(z") = Vfi(w) + Vf(0)
EXE: Lemma 3

Efllg"]|2] < 4Lmax(f(2*) = f(w")) + 4Lmax(f (@) — f(w"))

Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
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Bounding gradient estimate

9" = Vfi(z") = Vfi(w) + Vf(0)
EXE: Lemma 3

Efllg"]|2] < 4Lmax(f(2*) = f(w")) + 4Lmax(f (@) — f(w"))

Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
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Bounding gradient estimate

9" =Vfi(z") — Vfi(w) + V f(0)
EXE: Lemma 3

Efllg"]|3] < 4Lmax(f(2") = f(w")) + 4Lmax(f (@) — f(w"))

Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
Eilllgl3] = E;[lIVfi(2") — Vfi(w*) + Vfi(w*) = V fi(@) + V f(0)]]3]

< 2E;[[IVSi(@") = Vfi(w)I3] + 2B5(||V fi(w*) — Vfi(@) + V f(@)][3]

< 2B,V i) — Viw") 3] + 2B, ||V fi(w?) — V fi(@)][3

— 4Lmax (f(xt) o f(w*) + f(’lIJ) o f(w*)) .

Lemma 2



Bounding gradient estimate

9" =Vfi(z") — Vfi(w) + V f(0)
EXE: Lemma 3

Efllg"]|3] < 4Lmax(f(2") = f(w")) + 4Lmax(f (@) — f(w"))

Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
Eilllgl3] = E;[lIVfi(2") — Vfi(w*) + Vfi(w*) = V fi(@) + V f(0)]]3]

< 2E;[[IVSi(@") = Vfi(w)I3] + 2B5(||V fi(w*) — Vfi(@) + V f(@)][3]

< 2B,V i) — Viw") 3] + 2B, ||V fi(w?) — V fi(@)][3

— 4Lmax (f(xt) o f(w*) + f(’lIJ) o f(w*)) .

Lemma 2
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Bounding gradient estimate

9" =Vfi(z") — Vfi(w) + V f(0)
EXE: Lemma 3

E[||g"]|3] < 4Lmax(f(z") — f(w*)) + 4Lmax(f (@) — f(w™))
Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
E;[llg'13] = E;[|IVfi(z") = Vfi(w*) + Vf;(w*) = Vfi(w) + V f()]3]

< 2E;[[IVSi(@") = Vfi(w)I3] + 2B5(||V fi(w*) — Vfi(@) + V f(@)][3]

< 2E[|IVfilz") = VSi(w)I] + 2E,[|IV fi(w") = V fi(@)]]3]
— 4Lma:x: (f(xt) o f(w*) + f(w) o f(w*)) .

Lemma 2

Where we used in the first inequality that E[||X — EX||3] < E[||X]|3]
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Proof:
|zl —w*|[5 = ||zl —w* — g5
= |zt — w*|]3 — 2v(g", =t — w*) + ¥?||¢"||3.
Taking expectation with respect to J Unbiased estimator
E; ||| — w*|[3] = |2t — w*[|5 — 29(V f (), 2}, — w*) ++°E; [||¢"][3]
str. conv. . o112 . 5 C e
< (1 — py)l|zt — w*||53 — 2v(f(2h) — f(w*)) +¥*E; [[|g"]]3]
Need to
bound this!

Lemma 3 ¢' = Vfi(z') — Vfi(Ws—1) + Vf(Ws—1)

Ej[HgtH%] < 4LmaX(f(372) — f(w”)) + 4Lnax(f(Ws—1) — f(w™))
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Proof:

et — w3 = |lg —w* —vg'l13
= [lzg — w3 = 29{g", 2% — w*) + || 13-

. . : Unbiased estimat
Taking expectation with respect to j S

E; (|25 — w*||3] = |2t — w*[|5 — 29(V f (), 2}, — w*) ++°E; [||¢"][3]
str. conv.
< (1 — p)llzl — w*||5 = 29(f(zh) — f(w*)) +7°E; [|g"]]3]
< (1 = p)||zl — w*[|5 = 29(1 = 2y Lmax) (f(2}) — f(w*))

+4’Y2LmaX(f(ws—1) — f(w"))
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Proof:

et — w3 = |lg —w* —vg'l13

= |lzf — w13 — 2v(¢", 25 —w*) +7*|lg'|]3-

. . : Unbiased estimat
Taking expectation with respect to j S

E; (|25 — w*||3] = |2t — w*[|5 — 29(V f (), 2}, — w*) ++°E; [||¢"][3]
str. conv.
< (1 — p)llzl — w*||5 = 29(f(zh) — f(w*)) +7°E; [|g"]]3]
< (1 = p)||zl — w*[|5 = 29(1 = 2y Lmax) (f(2}) — f(w*))

+472Lmax(f(ws—1) o f(w*))
Taking expectation and iterating fromt=0, ... , m-1
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Proof:

et — w3 = |lg —w* —vg'l13

= |lzf — w13 — 2v(¢", 25 —w*) +7*|lg'|]3-

. . : Unbiased estimat
Taking expectation with respect to j S

E; (|25 — w*||3] = |2t — w*[|5 — 29(V f (), 2}, — w*) ++°E; [||¢"][3]
str. conv.
< (1 — p)llzl — w*||5 = 29(f(zh) — f(w*)) +7°E; [|g"]]3]
< (1 = p)||zl — w*[|5 = 29(1 = 2y Lmax) (f(2}) — f(w*))

+472Lmax(f(ws—1) o f(w*))
Taking expectation and iterating fromt=0, ... , m-1

Ej [[l5" —w*l[3] < (1—py)™|lal — w3

ag = (1—py)™ 17
—27(1 = 2¥Lnax)Sm Y au(f(ah) — f(w"))

+ 4Sm/72Lmax(f(w8—1) - f(w*))
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Proof:

et — w3 = |lg —w* —vg'l13

= |lzf — w13 — 2v(¢", 25 —w*) +7*|lg'|]3-

. . . : Unbiased estimat
Taking expectation with respect to j APIanea ESTmaet

E; (|25 — w*||3] = |2t — w*[|5 — 29(V f (), 2}, — w*) ++°E; [||¢"][3]
str. conv.
< (1 — p)llzl — w*||5 = 29(f(zh) — f(w*)) +7°E; [|g"]]3]
< (1 = p)||zl — w*[|5 = 29(1 = 2y Lmax) (f(2}) — f(w*))

+472Lmax(f(ws—1) o f(w*))
Taking expectation and iterating fromt=0, ... , m-1

Ej [[l5" —w*l[3] < (1—py)™|lal — w3

o = (1 — py)™ 1
m—1 m—1
Sm = Z Ot _2’7(1 o 2’7Lmax)sm ; Oét(f(xZ) o f(w*))

+ 4Sm/72Lmax(f(w8—1) - f(w*))
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Proof:

et — w3 = |lg —w* —vg'l13

= |lzf — w13 — 2v(¢", 25 —w*) +7*|lg'|]3-

. . : Unbiased estimat
Taking expectation with respect to j APIanea ESTmaet

E; (|25 — w*||3] = |2t — w*[|5 — 29(V f (), 2}, — w*) ++°E; [||¢"][3]
str. conv.
< (1 — p)llzl — w*||5 = 29(f(zh) — f(w*)) +7°E; [|g"]]3]
< (1 = p)||zl — w*[|5 = 29(1 = 2y Lmax) (f(2}) — f(w*))

+472Lmax(f(ws—1) o f(w*))
Taking expectation and iterating fromt=0, ... , m-1

Ej [[l5" —w*l[3] < (1—py)™|lal — w3

o = (1 — py)™ 1
m—1 m—1
Sm = Z Ot _2’7(1 o 2’7Lmax)sm ; Oét(f(xZ) o f(w*))

; Rest on the board
+ A4S, Y Lpax (f(ws—1) — f(w*))
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Variance reduced methods use only one stochastic gradient
per iteration and converge linearly on strongly convex functions

Choice of fixed stepsize possible

SAGA only needs to know the smoothness parameter to work, but
requires storing n past stochastic gradients

SVRG only has O(d) storage, but requires full gradient
computations every so often. Has an extra “number of inner
iterations” parameter to tune
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