Optimization for Machine Learning
Introduction into supervised learning,
stochastic gradient descent analysis and
tricks

TELECOM

Lecturer: Robert M. Gower

28" of April to 5™ of May 2020, Cornell mini-lecture series, online



Outline of my three classes

* 04/27/20 Intro to empirical risk problem and stochastic
gradient descent (SGD)

* 04/29/20 SGD for convex optimization. Theory and variants

* 05/05/20 SGD with momentum and tricks



Part I: An Introduction
to Supervised Learning
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Is There a Cat in the Photo?

Yes
h
I
No
X: Input/Feature y: Output/Target

Find mapping h that assigns the “correct” target to each input

h:xzcR? - y € R




Labeled Data: The training set

y—l




Labeled Data: The training set

y= -1 means no/false
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Example: Linear Regression for
Height Maie = 0

Female = 1
Labeleddata = € R?,y € R

CE%{ Sex 0 CU?{ Sex 1
ZE% { Age 30 RN ng’ { Age 70

1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm




Example: Linear Regression for
Height Male =0

Female = 1
Labeleddata = € R?,y € R

1
Xq { Sex 0 CE? { Sex 1
a:% { Age 30 RN azg’ { Age 70
1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm

Example Hypothesis: Linear Model .
ho(T1,22) = wo + T1w1 + To2wo = (w, x)




Example: Linear Regression for
Height Male =0

Female = 1
Labelleddata x € R*,y € R,

1
Xq { Sex 0 CE? { Sex 1
33% { Age 30 RN ZCS’ { Age 70
1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm

Example Hypothesis: Linear Model .
hw(wh 562) = Wo + T1W1 + T2W2 = <’LU, 513>

Example Training Problem:

i\ 2
min - E w(Tl, z5) y)

weR3 "




Linear Regression for Height

HeightA Sex=0

Age



Linear Regression for Height

HeightA Sex=0

h’w (:Cla :C2)

- Age
The Training
Algorithm
= 2
. 1 ) ) )
min —
weR3 " 4 (hw(ajl7$2) Y )



Linear Regression for Height

HeightA Sex=0

Other options
aside from linear?

hw(ajl,CEQ) """"""""" :
X
- -
2
- Age
The Training
Algorithm
- 2
-1 A} 7
1min — —



Parametrizing the Hypothesis

H
d -4
. il « A X
Linear: hw(x) — E wz% I
— t .
Age
H
e
Polinomial: ho(T) = E WiTixy
i,7=0 ’ >
7 Age
U1

7 exre .

v1 = sign(wi121 + wias)

Neural Net: @ 7 ve = 1/ (1 + exp(wa @1 + wizx2))



Loss Functions

n

. ; '\ 2 Why a

wnelgld % Z (h’w (z°) — yz) Squared
1=1 Loss?
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o Z 2 Why a
) S

- quared
IR Loss?

Let Yn — hw(ili')

Loss Functions

/- RxR — R_|_
(yn,y) — Lyn,y)

The Trammg Problem

min — g E
ERd



= 2
min —
weRd " Z
Let Yn — hw(ili')

Loss Functions

/- RxR — R_|_
(yn,y) — Lyn,y)

The Trammg Problem

min — g E
ERd

Why a
Squared
Loss?

Typically a
convex function



Choosing the Loss Function

Let yp, := hy, (33) U(yn, 1)
Quadratic Loss  £(yn,y) = (yn — y)° L f

1 Yh
g(yha]-) 4
: if vy, =
Binary Loss U(yn,y) = {(1) ;f ‘Z: y z
I N
1 Yh

E(yh, 1)
Hinge Loss  ¢(Yn,y) = max{0,1 — ypy} }:

1 Yn
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Choosing the Loss Function  [figures
Let yp := hy(x) tln 1)

Quadratic Loss  £(yn,y) = (yn — y)°

1 Yh
(yn, 1) 4
. 0 if yr =
Binary Loss Uyn,y) = {1 ;f ‘Z: 4 z
i
1 Yn

E(yh, 1)
Hinge Loss  ¢(Yn,y) = max{0,1 — ypy} }:

1 Yn



y=1in all

Choosing the Loss Function  [figures
Let yp := hy(x) tln 1)

Quadratic Loss  £(yn,y) = (yn — y)°

1 Yh
(yn, 1) 4
Binary Loss Uyn,y) = ; ?f Y=Y
1 ifyn #y i
1 Yn
E(yh,l)
Hinge Loss  ¢(Yn,y) = max{0,1 — ypy} }:
1 Yn

EXE: Plot the binary and hinge loss function in when ¢y = —1




Loss Functions

Is a notion of Loss enough?

What happens when we do not have enough data?



Loss Functions

The Training Problem

%ﬁz—Zf V)

Is a notion of Loss enough?

What happens when we do not have enough data?



Overfitting and Model Complexity

Y Py

Fitting 1°* order polynomial

hy = (W, x)

w* = arg min = E
weRd ™



Overfitting and Model Complexity

A

Fitting 2" order polynomial
hy, = wo + wlat + wox
2
w* = arg min -
e weRd " Z



Overfitting and Model Complexity

Fitting 3" order polynomial

3 .
By = 0 0 w; "

w* = arg min = E
weRd "



Overfitting and Model Complexity

Fitting 9" order polynomial

9 .
By = D o 0 w; "

w* = arg min = E
weRd "



Regularization

Regularizor Functions
R : Rd — R_|_
w — R(w)

General Trammg Problem

mm —Z€ ) + AR(w)
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w — R(w)
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Goodness of fit,
fidelity term ...etc



Regularization

Regularizor Functions
R : Rd — R_|_
w — R(w)

General Trammg Problem

mm = Z ¢ (h ) + AR(w)
J \ ),
Y Y
Goodness of fit, Penalizes

fidelity term ...etc complexity



Regularizor Functions

R: RY — R. Controls tradeoff
between fit and
w — R(w) complexity

General Training Problem

mm = Z€ ), ") + AR(w)

J \ )
\

~

Goodness of fit, Penalizes
fidelity term ...etc complexity



Regularizor Functions

R: RY — R. Controls tradeoff
between fit and
w — R(w) complexity

General Trammg Problem

mm —Z€ ) + AR(w)

J \ )
Y Y
Goodness of fit, Penalizes
fidelity term ...etc complexity

Exe: .
R(w) = ||w||5, [|lwl||]1, ||lwl||p, other norms ...



Overfitting and Model Complexity

A

Fitting k' order polynomial

k
By —ZZ szm
mn
w* = arg min L

weRd "

7 1

)"+ Allwl]:



Overfitting and Model Complexity

A
Yy
o For A big enough,
o o the solution is a 2™
® @ order polynomial
N
- s,
7 ®

Fitting k' order polynomial

k o
hoy = ZZ o Wik

2
w* = arg min —Z )"+ Alwl]x
weRA



Exe: Ridge Regression

Linear hypothesis L2 regularizor
hole) = (w,z) == R(w) = |ull
L2 loss

Uyn,y) = (yn — y)*

Ridge Regression

n
.1 i i\ \2 2
min = E w, T + Al|w
weRd"izl(y { ) [lwl]3



Exe: Support Vector Machines

Linear hypothesis L2 regularizor
hole) = (w,z) = Rw) = |l

Hinge loss

(yn,y) = max{0,1 — ypy}

4

SVM with soft margin
n



Exe: Logistic Regression

Linear hypothesis L2 regularizor
hole) = (w,z) = Rw) = |l

Logistic loss

((yn,y) = In(1 +e7¥%")

Logistic Regression

. 1 —y (w.x" 2
min — E 1I11—|—€y< ’ > —I—)\w



The Machine Learners Job

(1) Get the labeled data: (z,¢y),..., (=", y")



The Machine Learners Job
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(2) Choose a parametrization for hypothesis: h,(x)



The Machine Learners Job

(1) Get the labeled data: (z,¢y),..., (=", y")

(2) Choose a parametrization for hypothesis: h,,(x)

(3) Choose a loss function: £(h(x),y) >0



The Machine Learners Job

Get the labeled data: (z*,v'),..., (2", y")

Choose a parametrization for hypothesis: h,,(x)

Choose a loss function: ¢(h(x),y) >0

Solve the tmz’ning problem:

min —Z€ )+ AR(w)

weRA
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Test and cross-validate. If fail, go back a few steps



The Machine Learners Job

Get the labeled data: (z*,v'),..., (2", y")

Choose a parametrization for hypothesis: h,,(x)

Choose a loss function: ¢(h(x),y) >0

Solve the tmz’ning problem:

min —Z€ )+ AR(w)

weRA

Test and cross-validate. If fail, go back a few steps



Part 1I: Optimizing
Empirical Risk




Re-writing as Sum of Terms

A Datum Function

fi(w) =€ (hyp(x"),y") + AR(w)

%Zf(hw(azi),yi)—k)\}%(w) — 12
— 12]0@

Finite Sum Training Problem

Can we use this
sum structure?

53

) + AR(w))



The Training Problem

Solving the training problem: min % Z fi(w)

Reference method: Gradient descent

\% (% Zfi(@) = %vaz‘(w)

Gradient Descent Algorithm

Set w® = 0, choose a > 0.
tort=20,1,2,...,7 —1

wt+1 T w o _Zz 1va(
Output w’

)

54



Gradient Descent Example

|| 1 fl 1 1
O =07
25} | | . ]
ll'l\“
A Logistic Regression
problem using the \ /
fourclass labelled data 15} \ | /
from LIBSVM 8 /
(n, d)=(862,2) 2!
" e
Logistjlc Regression '-';
min % In(1 + _yi<w’wi>)+)\|| ||2 K o
wer! ; e o 0.5 -\\ T
\ 3
O
. . . 2 .
%5 25 -2 -15 -1 -05 0 05
Can we prove
that this always
works?



Gradient Descent Ex

ample
I||I T T T T T LY 1 fl 1 1
\ \ \ ( / O =07
Optimal point ‘ S
\
a_ g . 2 \ : III| 4
A Logistic Regression
problem using the \ /
fourclass labelled data 15/ \ g /
from LIBSVM \ B
(n, d)= (862,2) /
0 2
Logistic Regression '-';
min + n —y*(w,z") o
weRdi; (1+e )+ Allewll N —
\ (@]
\ O
. )
O
\ N P,
% 25 -2 -15 -1 05 0 05 1
Can we prove
that this always
works?



Gradient Descent Ex

ample
.Ill T T T T T LY 1 f'l 1 1
II". \ \ \ ( / O a=07
Optimal point \ T
A Logistic Regression
problem using the
fourclass labelled data 15} \ |
from LIBSVM :::.
(n, d)= (862,2) 2 /
Logistic Regression %. /
min 1 Z In(1+ e_yi(w’wi>) + Mw|3 3 //

weRY = - '
3
]
O

. 2 L

4 05 0 05 1

Can we prove No! There is no

that this always
works?

universal optimization
method. The “no free

lunch” of Optimization



Gradient Descent Ex

ample
.Ill T T T T T LY 1 f'l 1 1
II". \ \ \ ( / O a=07
Optimal point \ T |
A Logistic Regression
problem using the
fourclass labelled data 15} |
from LIBSVM 8
(n, d)= (862,2) 2 /
Logistic Regression %.. /
min 1 Z In(1+ e_yi(w’xi>) + Mw|3 3 //
weR4 = i __/
3
]
O
. . . 2 .
. 5 -1 05 0 05 1
Can we prove No! There is no
that this always
works?

Specialize
universal optimization
method. The “no free

Convex and
lunch” of Optimization '

smooth training
problems



Optimization is hard (in general)

0.0 -~
—~J2 ]
—04 =

—-0.6~

187 Need
assumptions!

~ o

f(z,y) = — cos(z) cos(y) exp (—(z — m)* — (y — 7)*)



Optimization is hard (in general)




Main assumption
Nice property

If Vi(w*)=0 then f(w*)< f(w), YweR?

All stationary points are
global minima

Lemma: Convexity => Nice property

If f(w)> f(y) +(Vf(y),w—y), YwyecR
then nice property holds

prRooF: Choose y = w”



Data science methods most used
(Kaggle 2017 survey)

Convex
Optimization
problems

Data Visualization

Logistic Regression
Cross-Validation

Decision Trees

Random Farests

Time 5eries Analysis

Meural Netwarks

FCAand Dimensionality Reduction
kMM and Other Clustering
Text Analytics

Ensemble Methods
Segmentation

SVM=

Matural Language Processing
AfB Testing

Bayesian Techniques

Maive Bayes

Gradient Boosted Machines
CHMs

Simulation

Recommender 5ystems
Association Rules

RiMMs

Frescriptive Modeling

=k~ r=er e B = e

15%
14%
14%

11%
1%

#




Part lll: Stochastic
Gradient Descent




Solving the training problem: min = Z fi(w)

Problem with Gradient Descent:
Each iteration requires computing a gradient V f;(w) for
each data point. One gradient for each cat on the internet!

Gradient Descent Algorithm

Set w® = 0, choose a > 0.
fort=0,1,2,...,7T

wH_l_w __Zz 1vfz( )
Output w’




Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single
data funcfidew)  at each iteration?

65



66

Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single
data funcfidmw) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, ..., n} selected
uniformly at random. Then

E; [V f;(w ZW; = Vf(w)
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Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single
data funcfidmw) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, ..., n} selected
uniformly at random. Then

E; [V f;(w ZW; = Vf(w)



Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single
data funcfidmw) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, ..., n} selected
uniformly at random. Then

E; [V f;(w ZW; = Vf(w)

Use Vf;(w) = V f(w)

EXE: & .
Let sz- =1 and j ~ p;. Show E[V f;(w)/(np;)]
i=1

—Vf(w)

68



Stochastic Gradient Descent

SGD 0.0 Constant stepsize
Set w® =0, choose a > 0

fort =0,1,2,...,T —1
sample j € {1,...,n}
wt = wt — aV f;(w?)

Output w?

69



Stochastic Gradient Descent

T

Optimal point

2_

1.5F

0.5K\
N\
™,
O N

L} 1] 1 11

Of

O wa=01

-
B -
i
&
NP
'!;‘,..n.'- ')‘
L
o)
v,

70



GD vs Stochastic Gradient Descent

Optimal point w*

Gradient Descent

‘ Need Assumptions

71
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GD vs Stochastic Gradient Descent

*

Optimal point w

o

2 1 G

™, |

SGD (v = 1.0)

Gradiént Descent Stochastic Gradient
Descent

Why does this happen? ‘ Need Assumptions




AssumpﬁOn: StrOng COnveXity
We say f: R" — RU{oo} is pu—strongly convex if

F(w) > (o) + (V1) w =) + Elw— g2, vw.y e R”J

EXE: °

4.5

4t

a5¢

Hinge loss + L2

1
max{0, 1 —w} +  ||wl]3

251

oL

1.5}

1k

05t

Quadratic lower bound

0




Assumption: Strong convexity

f(w) ==+ Z€ (hw(z),y") + AR(w) J

1
strongly convex = convex + 5 Jw]|?
Example: SVM with soft margin
1 < A
e 0, 1 — o/ ’ () . 2
wrggldnzmax{ y'(w,2")} + Slwll;
1= /

Not an Example: Neural networks, dictionary learning,
And more




Assumption: Smoothness

We say f: R" — RU{oo} is smooth if

IVf(z) = V)l < Lljlz —yll, Vr,yecR"



Assumption: Smoothness

We say f: R"™ — RU{oo} is smooth if

IVi(x) =Vl < Lllz —yll, Vz,ycR"
If a twice differentiable f : R"™ — R U {oo} is L—smooth then
1) d'V2f(x)d < L- ||d||3, Vz,deR"”

) f@) < W)+ (VI - )+ eyl ey e R



Assumption: Smoothness

We say f: R"™ — RU{oo} is smooth if

IVf(z) = V)l < Lljlz —yll, Vr,yecR"

If a twice differentiable f : R"™ — R U {oo} is L—smooth then

1) d'V2f(x)d < L- ||d||3, Vz,deR"”

L 2 n
2) f@) < fy) + (Vi) 2 —y) + Sllz =yl Ve,yeR
EXE: Using that o'maX(X)QHdH% > HXTng

Show that HNX "w — b]|3 is omax(X)*—smooth



Smoothness: Examples

Convex quadratics: o Az +b'z+c
Logistic: z +— log (1 T €_y<a’x>>
Trigonometric: x +—> cos(x),sin(x)

Proof is an
exercisel!



Important consequences of

Smoothness
If f:R" — RU{oo} is L-smooth then

f(5) < F) + (Vil).x —y) + lle —yl. Vay <R




Smoothness: Convex
counter-example

f(w) =lwl[y =) wy
1=1

Non-smooth can be Does not fit.
solver with proximal SGD Not smooth
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Assumptions for Convergence

Strongly quasi-convexity

fw) = fw) + (Vf(w),w* —w) + Slfw* —wl, Vo

Each f is convex and L, smooth I
fily) < fi(w) + (Vfi(w),y —w) + 7Z||y —wl||3, Vw

Lax := max L;
1=1,....,n

Definition: Gradient Noise

ot = Eif[|Vf(w)]2]



Assumptions for Convergence

EXE: Calculate the Li’s and Lmax for

1 A
1. flw)=—[1X"w—yl5+ =||v|l3
2n 2

HINT: A twice differentiable f is L. -smooth if and only if
Vifilw) 2L I & o' Vifi(wv < Liflv|?, Vo

82



Assumptions for Convergence

EXE: Calculate the Li’s and Lmax for

1 A
L fw) = 51X Tw =yl + 5wl

HINT: A twice differentiable f is L. -smooth if and only if
Vifilw) 2L I & o' Vifi(wv < Liflv|?, Vo
)\ n

1 1 1
L flw) = %HXTU}—?JH% + 5”“’“% = 52(5(37;10 —yi)? +

1=1
1 n
= n ; fi(w)

83



Assumptions for Convergence

EXE: Calculate the Li’s and Lmax for

1 A
L fw) = 51X Tw =yl + 5wl

HINT: A twice differentiable f is L. -smooth if and only if
Vifilw) 2 L; I & o' Vfi(wv < Li|v|)?, Vo

n

1 A 1 1
L fw) = golIXTw =yl + ol = & 3 Gl w =) +
1 mn
= ;fi(w)

Vifiw) =2z +X = (lwll3+NI = LI

84



Assumptions for Convergence

EXE: Calculate the Li’s and Lmax for

1 A
L fw) = 51X Tw =yl + 5wl

HINT: A twice differentiable f is L. -smooth if and only if
Vifilw) 2 L; I & o' Vfi(wv < Li|v|)?, Vo

n

| T 5, A o 1 1, - 2
L) = gl iR+ Sl = ST +
1 mn
:ﬁzfi(w)
1=1
Vin(w):xi:c;er)\ < (HazzHg—l—)\)I = L,

Liax = max (||zi]l; +A) = max |[[zi][; + X

1=1,...,n 1=1,...,

85



Assumptions for Convergence

EXE: Calculate the LI. ’'s and Lmax for

1 o tmans A
2. f(w)=gzln(1+e 7 ”>)+§|Iw||%
1=1

86



Assumptions for Convergence

EXE: Calculate the Li’s and Lmax for

1 o tmans A
2. f(w)=gzln(1+e 7 ”>)+§|Iw||%
1=1

A
2. fi(w) =1In(1+ e—yi<’w,ai>) 4+ §||w||§,

87



88

Assumptions for Convergence

EXE: Calculate the Li’s and Lmax for

l — il A
2. flw)= gzln(“re vy 4 w3
—yi(w,a;) A 2
2. fi(w) =In(1 4 e ¥11%) + §||w||2,
B _yiaie_yi<waa’i>
va(w) T 1_|_e—yi<w,a7;> +)\w
20 (00N — oo T (14 e~ vitw.ai))e=vilw,ai) B e~ 2vilw,ai)
V fl(w) T azai ( (1 _I_ e_yi<W,ai>)2 (1 —I— e_yi<waa’i>)2 + )\I
—yi(w,as) 112
L e lail .
= a;aq, 1+ c—vi(wan)? + A ( 1 +AN|I=L; 1
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Complexity / Convergence

Theorem
If fis p—str. convex, f; is convex, L;—smooth, o € |0, 3 Ll ]
then the iterates of the SGD satisty 0% i B ||V £ (w2
¢ 12 t11.,,0 k2, 2079
E [l —w|l3) < (1= ap)|u’ —w|f + =20

Shows that a ~ Shows that o =~ 0

1
7

RMG, N. Loizou, X. Qian, A. Sailanbayey, E. Shulgin, P.
Richtarik, ICML 2019, arXiv:1901.09401
Adobe

SGD: General Analysis and Improved Rates.




Stochastic Gradient Descent
a =0.01

91



Stochastic Gradient Descent

a =0.1

25} |

1.5F

0.5 x
0

L} 1] 1 11

Of

O wa=01

92



Stochastic Gradient Descent ”

a =0.2

o=0.2

1.5F




Stochastic Gradient Descent

a =0.5

2.5

1.5F

0.5

@
0

0.5
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Stochastic Gradient Descent

a =0.5

2.5

1.5F

0.5

@
0

0.5
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Stochastic Gradient Descent
a =0.5

1) Start with
big steps and
end with
smaller steps

2) Try
averaging
the points

96
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Stochastic Gradient Descent

a =0.5




SGD shrinking stepsize

SGD Shrinking stepsize
Set w’ =0
Choose ax > 0, ay — 0, Y .~ g = 0
fort=0,1,2,..., 7T —1
sample 7 € {1,...,n}
wit = w! — ; V f; (w?)
Output w?!

Shrinking
Stepsize

98



SGD shrinking stepsize

SGD Shrinking stepsize
Set w’ =0
Choose ax > 0, ay — 0, Y .~ g = 0
fort=0,1,2,..., 7T —1
sample 7 € {1,...,n}
wit = w! — ; V f; (w?)

Output w!
Shrinlfing
How sho_uld we Stepsize How fast oy —s 07
sample j ?

Does this converge?

99



Theorem for switching to shrinking stepsizes
If fis p—str. convex, f; is convex and L;—smooth.

Let IC := Lyax/ p and let

5 Linax for t <4[K]

2t+1
\(Hff)gu for ¢t > 4[K].

If t > 4[], then the SGD iterates converge
28 16 [K]?

O
o —w|? < 757+ g g —w

102



Theorem for switching to shrinking stepsizes
If fis p—str. convex, f; is convex and L;—smooth.

Let IC := Lyax/ p and let

(2L3nax for ¢t <4[K]
o = 4
2t+1
\(Hff)gu for t>4[K].

o' =0(1/(t+1))
If t > 4[], then the SGD iterates converge
28 16 [K]?

O
o —w|? < 757+ g g —w
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Theorem for switching to shrinking stepsizes
If fis p—str. convex, f; is convex and L;—smooth.

Let IC := Lyax/ p and let

(2L3nax for ¢t <4[K]
o = 4
2t+1
\(tff)gu for t>4[K].

o' =0(1/(t+1))
If t > 4[], then the SGD iterates converge
28 16 [K]?

O
o —w|? < 757+ g g —w

In practice often o' = C'/ v/t + 1 where C is tuned

104



Stochastic Gradient Descent with

switch to decreasing stepsizes

Distance to the minimum

107 1

1{'—1 .

Convergence plot

v

m— 500 const
— S0 switch

0

1
5000

10000

15000
#iterations

20000

5000

0000
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Stochastic Gradient Descent with
switch to decreasing stepsizes

Distance to the minimum

107 1

1{'—1 .

Convergence plot

L

m— 500 const
—— 5E0 switch

0

1
5000

10000

15000
#iterations

20000

25000 0000
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SGD with (late start) averaging

SGD with late averaging
Set w’ =0
Choose ax > 0, ay — 0, > .~ g = 0
Choose averaging start sp € N
fort=20,1,2,...,T —1
sample j € {1,...,n}
wtt = wt — ;) V f;(w?)

if t > sg
— 1 t t
W = t—SO Zi:SO W
else: w = w
Output w

and Optimization (1992)

i B. T. Polyak and A. B. Juditsky, SIAM Journal on Control
Adobe Acceleration of stochastic approximation by averaging
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SGD with (late start) averaging

SGD with late averaging
Set w¥ =0
Choose ax > 0, ay — 0, > .~ g = 0
Choose averaging start sp € N
fort=20,1,2,...,T —1
sample j € {1,...,n}

”wH—l — wt — Othfj (wt) How to make this
. efficient?
if t > sg
— 1 t t
W = t—SO Zi:SO W
else: W = w
Output w

This is not efficient.

B. T. Polyak and A. B. Juditsky, SIAM Journal on Control
i, and Optimization (1992)
Adobe Acceleration of stochastic approximation by averaging
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Stochastic Gradient Descent h

Averaging the last few iterates

Convergence plot

107 4 — 500 const
] —— SGD switch
— 50 average end

=
-
E
=
=
il L
° iy
e B 7
W ¥ i\ :
: W =
.E \) i
= 1071
i I

1
0 5000 10000 15000 20000 25000 30000
#iterations



Stochastic Gradient Descent "

Averaging the last few iterates

Convergence plot

107 4 — 500 const
] —— SGD switch
— 50 average end

=
-
E
=
=
il L
° iy
e B 7
W ¥ i\ :
: W =
LL: \) i
= 1071
i I

1
0 5000 10000 15000 20000 29000 30000
#iterations

Averaging starts
here



Part 111.2: Stochastic
Gradient Descent for
Sparse Data
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Lazy SGD updates for Sparse Data

L2 regularizor +
linear hypothesis

min —Z€ w, ") )+%||w\|§

weR?

Finite Sum Training Problem

Let z* have at most s € N nonzero elements for all 7.
How many operations does each SGD step cost?

Sparse Examples:
encoding of categorical
variables (hot one encoding),
word2vec, recommendation
systems ...etc
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Lazy SGD updates for Sparse Data

L2 regularizor +
linear hypothesis

min + ZE ((w,z%),9") + 3lwll3
1=1

Finite Sum Training Problem

wcRd " 4

Let x* have at most s € N nonzero elements for all .
How many operations does each SGD step cost?

wt—l—l _ wt — (g/(<wt’xz>’yz)xz + )\wt)
= (1 = day)w’ — ol ((w', %), y")z’

Sparse Examples:
encoding of categorical
variables (hot one encoding),
word2vec, recommendation
systems ...etc
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Lazy SGD updates for Sparse Data

L2 regularizor +
linear hypothesis

min + ZE ((w,z%),9") + 3lwll3
1=1

Finite Sum Training Problem

wcRd " 4

Let 2* have at most s € N nonzero elements for all i.
How many operations does each SGD step cost?

wt—l—l _ wt — (g/(<wt’xz>’yz)xz + )\wt)
= (1 = day)w’ — ol ((w', %), y")z’

\ J . J
Sparse Examples: Y Y
encoding of categorical . "
variables (hot one encoding), Rescalmg _I_ Addition Sparse — O (d)
word2vec, recommendation O(d) vector O(s)

systems ...etc
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Lazy SGD updates for Sparse Data

SGD step

wi = (1 = day)w® — el ((wh, %), y*) 2’

EXE: re-write the iterates using w' = B2 where 8; € R, z' € RY

Can you update 8; and z* so that each iteration is O(s)?
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Lazy SGD updates for Sparse Data

SGD step

wi = (1 = day)w® — el ((wh, %), y*) 2’

EXE: re-write the iterates using w' = B2 where 8; € R, z' € RY

Can you update 8; and z* so that each iteration is O(s)?

5t+12t+1 = (1 — ) Bz’ — al! (Be (2", fl?i>a yi)xi
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Lazy SGD updates for Sparse Data

SGD step

wi = (1 = day)w® — el ((wh, %), y*) 2’

EXE: re-write the iterates using w' = B2 where 8; € R, z' € RY

Can you update 8; and z* so that each iteration is O(s)?
5t+12t+1 = (1 — ) Bz’ — al! (Be (2", fl?i>a yi)xi

_ ¢ &t€/(5t<ztaxi>7yi) @
= (1 — Aay) By (Z - (1 — oy ) By ) )
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Lazy SGD updates for Sparse Data
SGD step
wi = (1 = day)w® — el ((wh, %), y*) 2’

EXE: re-write the iterates using w' = B2 where 8; € R, z' € RY

Can you update 8; and z* so that each iteration is O(s)?

Bip1 2T = (1 — M) Bezt — ol (Be(2h, %),y )"

o p ool (Be(2h ), ) z>
_\(1 )\Oét)ﬁjt (< (1 — Aat)ﬁt 3
Y Y

Bt—l—l Zt—l—l
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Lazy SGD updates for Sparse Data

SGD step

wi = (1 = day)w® — el ((wh, %), y*) 2’

EXE: re-write the iterates using w' = B2 where 8; € R, z' € RY
Can you update 8; and z* so that each iteration is O(s)?
5t+12t+1 = (1 — ) Bz’ — al! (Be (2", fl?i>a yi)xi

/ t .t AN
_ (1 . )\Oét)ﬁt (Zt . Oétg (5t<z y L >7y )fo)

\ )\ (1=Aa)Be
Y Y
Bt—l—l Zt—l—l

' (Bt 7).y

e (e W
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Lazy SGD updates for Sparse Data

SGD step

wi = (1 = day)w® — el ((wh, %), y*) 2’

EXE: re-write the iterates using w' = B2 where 8; € R, z' € RY

Can you update 8; and z* so that each iteration is O(s)?
5t+12t+1 = (1 — ) Bz’ — al! (Be (2", fl?i>a yi)xi

(1 a4 B,
\ A\ (1 = Aay) By )
O(1) scaling + Y Y .
O(s) sparse add = Bi+1 2T
O(s) update

' (Bt 7).y

1 1t
B = (1= Aa)f, 270 =4 (1 — X)) By




Part IV: Momentum and
gradient descent




Back to Gradient Descent

Solving the training problem: min %Z fi(w) =: f(w)
weRd P

J

Baseline method: Gradient Descent (GD)

ey

Step size/
Learning rate



GD motivated through local rate of change

Local rate of change

flz +ds) — f(=)




GD motivated through local rate of change

Local rate of change

flz +ds) — f(=)

A(d) := lim
s—0T S
J
Max local rate
Vf(w')
— A
NI
subject to ||d|| = 1
J

GD is the “steepest descent”



Local motivation not good for global

Rosenbrock function




Local motivation not good for global

3.0

2.57

2.0

1.51

1.01

0.51

(1.0

—(1.5 1

Rosenbrock function | Rosenbrock function

—1.0




Adding Momentum to GD

Additional momentum
parameter = 0.99

Heavey Ball Method:
W = 0t V) + Bt — )

Adds “Inertia” to update,
like friction for a heavy ball



Equivalent Momentum formulation

Heavey Ball Method:

wt—|—1 _ wt . *ny(wt) 4 B(wt . wt_1L

Adds “Inertia” to update



Equivalent Momentum formulation

Heavey Ball Method:

wt—l—l _ wt . ’}/Vf(wt) 4 5(wt . wt_1L

Adds “Momentum”

Adds “Inertia” to update
to update

GD with momentum (GDm):

m' = pm' ™+ Vf(w')

it — gt ~m?




Equivalent Momentum formulation

GD with momentum:

m' = Bm'~! + Vf(w')

t+1 t

w = w' —ym




Equivalent Momentum formulation

GD with momentum:

m! = m!~t + Vf(w)
t+1

t

w = w' —ym

witl = wt —ymt

= w' =y (Bm + Vf(uw'))
= w' =y Vf(w)—yBm™
— wt—q/Vf(wt)%—%(wt—wt_l)



Equivalent Momentum formulation

GD with momentum:

m! = m!~t + Vf(w)
t+1

t

w = w' —ym

witl = wt —ymt

= w' =y (Bm' + Vf(uw'))
= w' =y Vf(w)—yBm™
— wt—q/Vf(wt)%—%(wt—wt_l)



Equivalent Momentum formulation

GD with momentum:

m' = Bm'™! + V f(w)

wt+1 = wt _ ,}/mt

wttl = wt—vmt 1

= ' =y (Bm' 4 V() M
= w' =y Vf(w") —yfm'!
= w' =y Vf(w)+ P (' —w')



Equivalent Momentum formulation

GD with momentum:

m' = Bm'™! + V f(w)

wt+1 = wt _ ,)/mt

wt—|—1 — wt o ’)/mt 1
= ' =y (Bm' 4 V() M
= w' —yVf(w)—yfm

= w'—yVf(w")+ % (wh — wt=1)

wt+1 _ wt . ’ny(wt) 4+ B(wt o wt_l)



Equivalent Momentum formulation

GD with momentum:

m! = m!~t + Vf(w)
t+1

t

w = w' —ym

witl = wt—ym 1

= ' =y (Bm' 4 V() M
= w' —yVf(w)—yfm
= w'—yVf(w") + % (w! — wt=1)

Heavey Ball Method: J

Wt = wt —y V() + flw' — w' )




Equivalent Iterate Averaging

formulation

Heavey Ball Method:

Wit = wt —y V() + flw’ — w' )

L

Adds “Inertia” to update



Equivalent Iterate Averaging
formulation

Heavey Ball Method:

wt—|—1 _ wt . ’ny(wt) 4 B(wt . wt—1L

1 Adds “Inertia” to update

Iterate Averaging: Lct n > 0, € [0, 1]
2t =2 -V f(wh)

wiTl — Q wh - 1 Lt
a-+1 a -+ 1

)




Equivalent Iterate Averaging
formulation

Heavey Ball Method:

wt—l—l _ wt . ’}/Vf(wt) 4 5(wt . wt_1L

Adds “Inertia” to update
Additional sequence

of variables
Iterate Averaging: Let ) > 0, € [0, 1]
2= — gV f(w?)

New parameters
t41 o ¢ 1 ’
w — w” + z
a+ 1 a+ 1 Averaging of

variables




Equivalent Iterate Averaging
formulation

Iterate Averaging: Let > 0,a € [0, 1]

2t =2V f(ah)

1
Wit — Q wh 1 !
a-+1 a—+ 1

Define: _ " d 8 = @
7 oz—l—lan g a—l—lJ




Equivalent Iterate Averaging
formulation

Iterate Averaging: Let > 0,a € [0, 1]
2t =2 — gV f(ah)

1
Wit — Q wh 1 !
a-+1 a-+1

Define: _ " d 8 = @
7 oz—l—lan g a—l—lJ




Equivalent Iterate Averaging
formulation

Iterate Averaging: Let > 0,a € [0, 1]
2t =2 — gV f(ah)

1
Wit — Q wh 1 !
a-+1 a -+ 1

Define: ~ — " d 3 = @
v oz—l—lan & a—I—lJ




Equivalent Iterate Averaging
formulation

Iterate Averaging: Let > 0,a € [0, 1]
2t =2 — gV f(ah)

1
wit = = 1th—|— 1zt
o+ o+ /
Define: ~ — d 3 = @
7 oz—I—lMl g o+ 1
1 t+—t—1
t+1 _ t t
w bw" + P
— Buwt + 1 (Zt—l — VY f(wh) 27 = (a+ Dw' — aw'™!



Equivalent Iterate Averaging
formulation

Iterate Averaging: Let > 0,a € [0, 1]
2t =2 — gV f(ah)

1
wit = = 1th—|— 1zt
o+ o+ /
Define: ~ — d 3 = @
7 oz—I—lMl g o+ 1
1 t+—t—1
t+1 _ t t
w bw" + P
— Buwt + 1 (Zt—l — VY f(wh) 27 = (a+ Dw' — aw'™!



Equivalent Iterate Averaging
formulation

Iterate Averaging: Let > 0,a € [0, 1]
2t =2 — gV f(ah)

wit = = w' + : 2t
a—+ 1 a—+ 1 J
Define: — d 8 = @
TTa +1 and 5 o+ 1
1 t+—t—1
t+1 _ gt t
w bw" + P
1 t—1 / t—1
t t—1 ¢ _ Dwt —
_ N v/ 2 (a+ 1w" — aw
Bw +O‘T1(z nV f(w"))
= fw’ + ((a + Dw' — aw'™! =V f(w"))




Equivalent Iterate Averaging
formulation

Iterate Averaging: Let > 0,a € [0, 1]
2t =2 — gV f(ah)

wit = = w' + : 2t
a+ 1 a—+1 J
Define: — d 8 = @
TTa +1 and 5 o+ 1
1 t<—t—1
t+1 _ gt ¢
w bw" + P
1 t—1 ' t—1
¢ t—1 t _ Dt —
_ N v/ 2 (a+ 1w" — aw
Buw +a1+1(z NV f(w'))
= Bw' + 1 ((a + Dw' — aw'™! =V f(w"))
o



Equivalent Iterate Averaging
formulation

Iterate Averaging: Let > 0,a € [0, 1]
2t =2 — gV f(ah)

wit = = w' + : 2t
a+ 1 a—+1 J
Define: — d 8 = @
TTa +1 and 5 o+ 1
1 t<—t—1
t+1 _ gt ¢
w bw" + o1
1 t—1 ' t—1
¢ t—1 ¢ _ Dt —
— —nV z (a+ 1w" — aw
&U+QT1@ NV f(w'))
= Bw' + p—— ((a + Dw' — aw'™ =V f(w"))

Heavey Ball Method:

zuf—vvﬂw3+ﬁwf—wt5J




Part 1V.2: Convergence
of Momentum with
gradient descent




Convergence of Gradient Descent

Theorem Let f be pu—strongly convex and L—smooth, that is
stepsize pul = V2f(w) < LI, VYwe R

2
If v = —— then Gradient Descent converges
L+ p

t
. Kk — 1 .
) -l < (5) et -l

/




Convergence of Gradient Descent

Theorem Let f be pu—strongly convex and L—smooth, that is

stepsize nl = Vif(w) =< LI, Yw € R?

If v= Liqt,u then Gradient Descent converges
—1\?
) -l < (5) et -l
k+1

/

k:=L/u>1

Corollary , 1 log (1) - |w® — w*|]
DR Juf =

< €

J




Convergence of Gradient Descent with
Momentum [®L polyak 1964

Theorem Let f € C? be pstrongly convex and L-smooth, that is

stepsize nl = Vif(w) =< LI, Yw € R?

4 -
Iy = a6 = VL - i

(VL + \/11)? VL + /i

) ot < () e B

k:=L/u>1

then SGDm converges




Convergence of Gradient Descent with
Momentum [™L  polyak 1964

Theorem Let f € C? be pstrongly convex and L-smooth, that is

stepsize nl = Vif(w) =< LI, Yw € R?

If v= T 1 and § = \/Z_\/ﬁ then SGDm converges
L+ /i) vVL+ /I
\/E_1 t 0 *
) -l < (YE) It -l B

k:=L/u>1

Corollary , . 1 (1) ‘ |w® — w*||
= g <
VE+1 € Hwo—wH_E




Convergence of Gradient Descent with
Momentum [™L  polyak 1964

Theorem Let f € C? be pstrongly convex and L-smooth, that is

stepsize nl = Vif(w) =< LI, Yw € R?

4 VL —\/li

If v= and § = then SGDm converges

(VL + yp)? Vit n

Optimal iteration complexity
for this function class

Corollary , 1 lo (1) - Jw’ — w*|
> g <
N - Hwo_wﬂy—e




Proof: Convergence of Heavy Ball. Two
time steps

Fundamental Theorem of Calculus

/ V2 f(w®)ds(w® — w*) = Vf(w') — Vf(w*) = Vf(w')
J

w® = w* + s(w — w*)



Proof: Convergence of Heavy Ball. Two
time steps

Fundamental Theorem of Calculus

/ V2 f(w®)ds(w® — w*) = Vf(w') — Vf(w*) = Vf(w')
J

w® = w* + s(w — w*)

wit™ —w* = wt —w* — ’}/Vf(’wt) 4+ B(wt _ wt_l)
B (I - fslzo V2f(w8)) (wt — w*) + B(wt — wt1)
= (BT [y V2w (wf — w") = Bt — )



Proof: Convergence of Heavy Ball. Two
time steps

Fundamental Theorem of Calculus

/ V2 f(w®)ds(w® — w*) = Vf(w') — Vf(w*) = Vf(w')
J

w® = w* + s(w — w*)

wit™ —w* = wt —w* — nyf(wt) + B(wt . ’wt_l) Lt — W
B (I - fslzo V2f(w8)) (wt — w*) + B(wt —wt1)
= (BT [y V2w (wf — w") = Bt — )



Proof: Convergence of Heavy Ball. Two
time steps

Fundamental Theorem of Calculus

/ V2 f(w®)ds(w® — w*) = Vf(w') — Vf(w*) = Vf(w')
J

w® = w* + s(w — w*)

wit™ —w* = wt —w* — nyf(wt) + B(wt . ’wt_l) Lt — W
B (I - fslzo V2f(w8)) (wt — w*) + B(wt —wt1)
= (BT [y V2w (wf — w?) = Bt - )

= A,



Proof: Convergence of Heavy Ball. Two
time steps

Fundamental Theorem of Calculus

/ V2 f(w®)ds(w® — w*) = Vf(w') — Vf(w*) = Vf(w)
J

w® = w* + s(w® — w*)

wit™ —w* = wt —w* — nyf(wt) + B(wt . ’wt_l) Lt — W
B (I - fslzo V2f(w8)) (wt — w*) + B(wt —wt1)
= (BT [y V2w (wf — w?) = Bt - )

= A (! —w") — Blut T — w)



Proof: Convergence of Heavy Ball. Two
time steps

Fundamental Theorem of Calculus

/ V2 f(w®)ds(w® — w*) = Vf(w') — Vf(w*) = Vf(w)
J

w® = w* + s(w’ — w*)

wit™ —w* = wt —w* — nyf(wt) + B(wt . ’wt_l) Lt — W
B (I - fslzo V2f(w8)) (wt — w*) + B(wt —wt1)
= (BT [y V2w (wf — w?) = Bt - )

Depends on two times steps



Proof: Convergence of Heavy Ball

t+1 *
w —Ww

o[t J
w —w




Proof: Convergence of Heavy Ball

t+1 *
W — W
Sl — [ . . ] c R2d J

w —w




Proof: Convergence of Heavy Ball

t+1 *
w —w
o [ ] e J

w —w




Proof: Convergence of Heavy Ball

t+1 *
w —w
o [ ] e J

w —w




Proof: Convergence of Heavy Ball

t4+1 X
W — w
Sl — [ . . ] c R2d J

w —w

A, —I
= [; OB] 2 Simple recurrencel!



Proof: Convergence of Heavy Ball

t4+1 X
W — w
Sl — [ . . ] c R2d J

w —w

A, -1
= [; 06] % Simple recurrencel!

A, —IB
t+1 8% t
EAE [l 'ZJ




Proof: Convergence of Heavy Ball

A, -1
B |l J




Proof: Convergence of Heavy Ball

A, —IB
t+1 Y t
EA I [l |z|J

EXE on Eigenvalues:

1 and B:\/Z_\/ﬁ
(VL + /) VL + /i

o ) - %

If v= then




Proof: Convergence of Heavy Ball

A, —IB
t+1 Y t
EA I [l |z|J

(1+6) =~ V2 f(w?)

EXE on Eigenvalues: s=0
4 L —
If v= and 8 = Vi \/'Uthen
(VL + /)’ VL+ /i

) -




Part V: Momentum with
SGD




Adding Momentum to SGD

Stochastic Heavey Ball Method:

wt = w' — vy V£, (w) + Blw’ — wt_l)/

- Rumelhart, Hinton,
.123 Geoffrey, Ronald,

1986, Nature

SGD with momentum:

m' = Bm'~t + V[, (w')

witl — ot — ~ml

Sampled i.i.d
jt < {1,,71/}
Plj =g =1/n

Iterate Averaging:




SGDm and Averaging
mt = Bm' T+ Vfj(w')
= Bm'72+Vfj,(w) + BV S, (W)
= Y BV (')

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
m' = Bm' T+ V], (w)
= Bm'2+ Vf;,(w') + BV, (')
= Y BV (') =0

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
mt = fm T 4V, (w')
= Bm + Vfj,(w') + BV fj,_, (0
= Y BV (') =

Momentum as exponentiated average:

t
N A A
1=1

)

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
mt = fm T 4V, (w')
= Bm'Tr+ V[, (w') + BV S, (w')
= X BV (@) =

Momentum as exponentiated average:

t
N A A
1=1

)

Acts like an approximate
variance reduction since

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
mt = fm T 4V, (w')
= Bm'Tr+ V[, (w') + BV S, (w')
= X BV (@) =

Momentum as exponentiated average:

t
N A A
1=1

)

Acts like an approximate
variance reduction since

S BV W) R Y i)
1=1 1=1

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
mt = fm T 4V, (w')
= Bm' T+ VS, (W) + BV, (0T
= X BV (@) =

Momentum as exponentiated average:

t
N A A
1=1

)
Acts like an approximate This is why momentum
variance reduction since works well with SGD

S BV W) R Y i)
1=1 1=1

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



Stochastic Gradient Descent with

momentum

Distance to the minimum

107 -

10°? i

Convergence plot

— 5G0 const
— &G0 switch
— 5G0 average end
— SL0m

0 5000 10000 15000 20000 25000

#iterations

30000

178

SGDm =
SGD with
momentum



Stochastic Gradient Descent with
momentum vs GD

Convergence plot

— od
» — 5d switch
10 ' — sgdm

10-= 1

Loss function

(=]
=
iad

N

0 5000 10000 15000 20000 25000 0000
# SGD iterations

180

_ ‘ Difficult: Recent 2019 results only



Convergence of Gradient Descent with
Momentum



Convergence of Gradient Descent with
Momentum

it e



Convergence of Gradient Descent with
Momentum

it e

[ is p—strongly convex,
fi is convex and L;—smooth




Convergence of Gradient Descent with
Momentum

Does momentum make Not clear, recently same
SGD converge faster? rate as SGD + averaging

[ is p—strongly convex, .
. fi is convex and L;—smooth
fi is convex and L;—smooth

1 | 1 |




Convergence of Gradient Descent with
Momentum

Does momentum make Not clear, recently same
SGD converge faster? rate as SGD + averaging

f is p—strongly convex,

f; is convex and L-smoothJ fi is convex and LismOOthJ
b 1

. Sebbouth, Defazio,
/e RMG, online soon,
2020




Convergence of Gradient Descent with
Momentum

Does momentum make Not clear, recently same
SGD converge faster? rate as SGD + averaging

f is p—strongly convex,

fi is convex and L;—smooth
1 Results use iterate averaging 1
to crack the proof!
1 1
€ €

. Sebbouth, Defazio,
/e RMG, online soon,
2020

J fi is convex and LismoothJ




Part V: Test error and
Validation
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Generalization

We have been solving:

min —+ ZZ (hw(z"),y") + AR(w)

wcRd " 4

J
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Generalization

We have been solving:

min —ZE —I—)\R( )

weR?

J

But we already know these labels




Generalization

We have been solving:

min — E €
weRd "

Y') + AR(w)

J

We want our model to correctly label
unseen data. We want to generalize

But we already know these labels

190
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We have been solving:

weRd "

min + Z C (R (), y") + AR(w)

But we already know these labels
We want our model to correctly label

unseen data. We want to generalize

We would like to solve:

The statistical learning problem:
Minimize the expected loss over an unknown expectation

miI:I{ld E(x,y)wl) [E (hw (:E)a y)]

weE
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Validation Error

X = [561 ro -+ T XT41 37n & Ran

y:i= %1 Y2 - Yyr Yr+1 - Y| € R”
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Validation Error

X = [561 ro -+ T XT41 37n & Ran

y:i= %1 Y2 - Yyr Yr+1 -+ Y| € R”



Validation Error

Train set

[561 i)

[?Jl Y2

yr

Validation set

LT41

Yyr+1

Ln

Yn

194

c Ran
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Validation Error

Train set Validation set
X e |:x1 .CCQ . o s CET CCT_|_1 . o . :Un: E Ran
Y = [91 Y2 o yYr| |\Yr+1 - Ynl|E R"™

Use to train

min Z ¢ (h ) + )\R(w)J

weERM
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Validation Error

Train set Validation set
X = [331 Tro -+ X7 |ZT41 - ZE’n = Ran
y=1|ltn v2 - wyr||yr+1 - un|l€ R"
Use to train
T
min = Zf (hw(z),y) + )\R(w)J
weR .
1=1 Use to validate




Stochastic Gradient Descent with o

momentum vs GD on validation set

Convergence plot

10° - — @
— SG0Om
S
=
Y 6x10
]
=
[in]
=
™
~
4%10
1% 10
0 5000 10000 15000 0000 25000 30000
#iterations

This why SGD is popular in ML
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More reason why ML likes SGD

We have been solving:

mm—Z€ Y') + AR(w)

weR?

But we want to solve: But we already know these labels

The statistical learning problem:
Minimize the expected loss over an unknown expectation

wrggld E(l‘ay)ND [€ (h’w (x)’ y)] y

SGD can be applied to the
statistical learning problem!
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Why Machine Learners like SGD

The statistical learning problem:
Minimize the expected loss over an unknown expectation

wrggld E (2~ [€ (hw(2),y)] y

SGD for learning
Set w® =0, ay > 0
fort =0,1,2,.... T —1
sample (z,y) ~ D
witt = wt — @, VE(hyt (x), y)
Output w' = 7 S w!
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