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Core Info

* Where: ENS: 07/11 amphi Langevin, 03/12 U209, 05/12
amphi Langevin.

* Online: Teaching materials for these 3 classes:
https://gowerrobert.github.io/

* Google docs with course info: Can also be found on
https://gowerrobert.github.io/


https://gowerrobert.github.io/
https://gowerrobert.github.io/

* 07/11/19 Foundations and the empirical risk problem,
revision probability, SGD (Stochastic Gradient Descent) for

ridge regression

* 03/12/19 (TODAY) SGD for convex optimization. Theory,
variants including averaging, decreasing stepsizes and

momentum.

* 05/12/19 Lab on SGD and variants BRING LAPTOPS!



Solving the Finite Sum Tralnlng

Problem




Recap

Training Problem

mm—iy ) + AR(w) =: f(w)

weR? 1
‘= ~ J

L(w) = loss

G I method
enera% INetnods * Gradient Descent
min f(w)

* Proximal gradient
Two parts - (ISTA) 5
min L(w) + AR(w) * Fast proximal

gradient (FISTA)




Optimization Sum of Terms

A Datum Function

fi(w) =€ (hyw(2"),y") + AR(w)

%Zé (hw(x"),y") + AR(w) = 2 Z ) + AR(w))
L Z filw

Finite Sum Training Problem

Can we use this
sum structure?



The Training Problem

Solving the training problem: min - Z fi(w)

Reference method: Gradient descent

\% (% Zfi(w)) = %vaz'(w)

Gradient Descent Algorithm

Set w® = 0, choose a > 0.
fort=0,1,2,..., T —1

wt—H_w __Zz 1vfz( )
Output w’




Solving the training problem: min = Z fi(w)

Problem with Gradient Descent:
Each iteration requires computing a gradient V f;(w) for
each data point. One gradient for each cat on the internet!

Gradient Descent Algorithm

Set w = 0, choose a > 0.
tort=20,1,2,...,T

wH_l_w __Zz 1vfz( )
Output w’




Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function f;(w) at each iteration?
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Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function f;(w) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then

E; [V f;(w ZW; = V/f(w)
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Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function f;(w) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then

E; [V f;(w ZW; = V/f(w)
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Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then

E; [V f;(w Zw; = V/f(w)

Use Vfj(w) = Vf(w)

BAE T et Zpi =1 and j ~ p;. Show E[V f;(w)/(np;)| = V f(w)

1=1



Stochastic Gradient Descent

SGD 0.0 Constant stepsize
Set w” = 0, choose a > 0

for t =0,1,2,.... T —1
sample 7 € {1,...,n}
wtl = wt — aV f;(w?)

Output w!

14



Stochastic Gradient Descent
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Assumptions for Convergence

Strong Convexity \
f(y) = f(w) + (VF(w),y —w) + Slly — w5,

2{V f(w),w —w") > Mjw - w*[|3

Vw, y

16



Assumptions for Convergence

Strong Convexity \
f(y) = f(w) + (VF(w),y —w) + Slly — w5,

2{V f(w),w —w") > Mjw - w*[|3

Vw, y
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Assumptions for Convergence

Strong Convexity

F() > F(w) + (Y F(w)y—w)+ Sy —wlB, Yy

2V f(w),w —w") 2 A|jw —w”||3

Expected Bounded Stochastic Gradients
E;[||[Vf;i(wh]|3] < B?, for all iterates w’ of SGD
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Assumptions for Convergence

Strong Convexity

F() > F(w) + (Y F(w)y—w)+ Sy —wlB, Yy

2V f(w),w —w") 2 A|jw —w”||3

Expected Bounded Stochastic Gradients
E;[||[Vf;i(wh]|3] < B?, for all iterates w’ of SGD




Complexity / Convergence 20

Theorem

f0<a< % then the iterates of the SGD 0.0 method satisty

* . 8%
E [t — w'|5] < (1 — oA [ju® - w[f3 + LB

EXE: Do exercises on convergence of random sequences.



Complexity / Convergence 2!

Theorem

f0<a< % then the iterates of the SGD 0.0 method satisty

* . 8%
E [t - w'|5] < (1 — oA [juf - w|f3 + LB

Shows that o ~

1
A

EXE: Do exercises on convergence of random sequences.



Complexity / Convergence =

Theorem

fo<a< s then the iterates of the SGD 0.0 method satisty

* . 8%
E [|lw® —w*|l3] < (1 —al)w’—w H%+XB2

Shows that o ~ Shows that oo ~ 0

1
A

EXE: Do exercises on convergence of random sequences.
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Proof:
w™* —w*|[3 = [Jw' —w"—aVfjw)]3
= ' — w3 = 2a(V fj(w'), w* —w*) + ||V f;(w")][3.
Taking expectation with respect to j Unbiased estimator
B [l —wf|3] = [t — |3~ 20{Vf(w).w —w) + a2, [[[Vf ()3
< w' = w*||5 — 2a(V f(w'), w" — w*) + a*B?

Strong conv. < (1-a)N)||wt—w*||3+ a*B?
Taking total expectation ]SB; uclfldgfa q

E[[lw™ —w|l5] < (1-aNE[[[w"—w[[5] +a*B

= (1= o)’ —w*|[5 + (1 — aM)a’B?
t

o 1-(1—-aN)t 1
ing th tric seri l1—a))' =
Using the geometric series sum ;( al) a\ a\

(1= aX) " Hw? —w|5 + § B

IA

IN

E [|lw™ — w*|[3]



Stochastic Gradient Descent
a =0.01

24



Stochastic Gradient Descent

a=0.1
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Stochastic Gradient Descent 26

a =0.2




Stochastic Gradient Descent
a =0.5
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Assumptions for Convergence

Strong Convexity

F() > F(w) +{V )y —w)+ Sy —wl, Y,y

2(V f(w),w —w") > Mw - w*[|3

Expected Bounded Stochastic Gradients
E;[||[Vfi(wh]|3] < B?, for all iterates w’ of SGD
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Assumptions for Convergence

Strong Convexity

F() > F(w) +{V )y —w)+ Sy —wl, Y,y

2(V f(w),w —w") > Mw - w*[|3

Expected Bounded Stochastic Gradients
E;[||[Vfi(wh]|3] < B?, for all iterates w’ of SGD
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Assumptions for Convergence

Strong Convexity

F() > F(w) +{V )y —w)+ Sy —wl, Y,y

2(V f(w),w —w") > Mw - w*[|3

Expected Boultded=Stgchastic Gradients

E; ||V fbast s B, for atttterates w’ of SGD



Assumptions for Convergence

Strong Convexity

F() > F(w) +{V )y —w)+ Sy —wl, Y,y

2(V f(w),w —w") > Mw - w*[|3

Expected Boultded=Stgchastic Gradients

I [|| £ et B, for atttterates w’ of SGD

EXE:

Let A € R, fj(w) = (Ajw —b;)*. maxE_1[[|Vf;w)l*] =

31
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EXE:
Let A € RnXd, fJ(w) — (Aj:w — bj)Q. maXIE

Proof: maXEle[Hij(w)||2] = oo, indeed since
IV £i(w)|I* = 4|4} (Aj.w — b))

= 4| Aj:[1* (Aj.w — by)*
— 4(Aj.w — bj)? where A;, :=

Taking expectation

32

1[IV ;(w W' =7

Al Al by = b Ay

A 1 - ~
B, 1|V f(w)|* = 24 ~ b)) = ~ | Aw — b|]

lim ||Aw —b||?> = oo
w— 00



Realistic assumptions for
Convergence

Strongly quasi-convexity

Fw*) = f(w) + (Vf(w),w* —w) + Sl —wl3, Vo

Each j"Z is convex and Li smooth 7
7

i) < Fi(w) + (Vfi(w)y —w) + Ly — wl, Vo

Definition: Gradient Noise

ot = Ej[||Vfi(w)l2]

33



1 s A2 I~ 1 7 e A
L 1) = gl =gl + Sl = 532G (4Tw — ) + Sl

Assumptions for Convergence

EXE: Calculate the LZ. 's and L. for

1 A
L fw) = 5| Aw -yl +

A 2
ol

HINT: A twice differentiable f, is L. - smooth if and only if
Vifi(w) < L; I < o' Vifi(wv < Li||v||?, Vv

34



1< 1

_i _ 2 é 2 _ — - T, .)\2 é 2
L fw) = g llAw =yl + ol = 2 DG (ATw -0 + Sl

Assumptions for Convergence

EXE: Calculate the LZ. 's and L. for

1 A
L fw) = 5| Aw -yl +

A 2
ol

HINT: A twice differentiable f, is L. - smooth if and only if
Vifi(w) < L; I < o' Vifi(wv < Li||v||?, Vv

A

n

1 1 1
Lo fw) = llAw =yl + Sllwll; = = 3 (5(ALw —y:)?

n “
1=1

=" filw)

L)
2

35
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1< 1

_ 1 o2 Az L LT — a2 1 M2
L Fw) = oellAw = gl + 2wl = 2 S (ATw = 0 + Sl

Assumptions for Convergence

EXE: Calculate the LZ. 's and L. for

1 A
L fw) = o] Aw =yl + 5wl

HINT: A twice differentiable f, is L. - smooth if and only if
Vifi(w) < L; I < o' Vifi(wv < Li||v||?, Vv

A

n

1 1 1
Lo fw) = llAw =yl + Sllwll; = = 3 (5(ALw —y:)?

n “
1=1

=" filw)

V2fi(w) = A A+ X =< (JJAglZ+NMI = L; 1

L)
2

36

[[wl]3)



1< 1

_i _ 2 é 2 _ — - T, .)\2 é 2
L) = 5 llAw — gl + Sllel = - S (5 (AT w — ) + Sl )

Assumptions for Convergence

EXE: Calculate the LZ. 's and L. for

1 A
L fw) = o] Aw =yl + 5wl

HINT: A twice differentiable f, is L. - smooth if and only if
Vifi(w) < L; I < o' Vifi(wv < Li||v||?, Vv

1 A 1 1
1. f(’w):%\|Aw—y\’§+§”w\’%:52(5(14210—%)2
=1
1 mn
—E;fv:(w)
V2fi(w) = A A+ X =< (JJAglZ+NMI = L; 1

Lmax =  max (HA’LHS"")‘) — ._HllaX HAi:H%"_)‘

1=1,...,n

37
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Assumptions for Convergence

EXE: C(Calculate the LZ. 's and Ly,ax for

1 = —Yi(w,a; A
2. flw) = = In(l+ e 0m)) 1 2w
1=1

38



Assumptions for Convergence

EXE: C(Calculate the Lz. 's and Ly ax for

1 - —Y; \W,Q4 )\
2 f(w) == Y In(1+ e o) + Do
1=1

. , A
2. fi(w) =1In(1 4 e vilwai) 4 §||w||§,

39



40
Assumptions for Convergence

EXE: C(Calculate the LZ.’S and L ax for

| < A
9. = = In(1 4+ e viwady 4 2|2
)= 2 3 1) + Sl
—yi(w,a;) A 2
2. fi(w) =In(1+4 e ¥i1%/) + §||w||2,
B _yzaﬂlle_y%<w7a”b>
qu,(’w) o 1 + e—vil{w,aq) +Aw
s o (e mmed)emla) 2wl
Ve fi(w) = a;a, ( (1 + e~ vil{w,aq))2 (1 + e~ vilw,ai))2 + M
—y; (w,a;) 112
T e Y l|ail|3
— a;a, AN AN IT=L;1
itk (1 + e—vilw,ai))2 " B < i



Relationship between smoothness 4
constants

EXE: Let f be differentiable and convex. Show that f(w) is L—smooth with
L = max Amax (V2 f(w))

wE

Thus f;(w) is Ly—smooth with L; = max A\pax (V2 fi(w)) show that

n WERd

1
L < = L; < Lpax = L;
- E < max



Relationship between smoothness 42
constants

EXE: Let f be differentiable and convex. Show that f(w) is L-smooth with
L = max Amax (V2 f(w))

weE
Thus f;(w) is L;—smooth Wlth L; = = max Amax (V2 fi(w)) show that
we
L < - Z Li < Lma = max L

Proof: From the Hessian definition of smoothness

V2f(w) = AmaX(VQf(w))I = m?{é )‘maX(VQf(w))I
Furthermore we

)\max(VZf( max ( ZVZfZ ) Z)\max V2f7' < ZL

Which follows since the largest eigenvalue functlon is convex over psd

matrices. Now take the max over w, then max over 1.



Complexity / Convergence +

Theorem.

Let f be pu—strongly quasi-convex and f; be L;,—smooth.

f0<a< 2L3nax then the iterates of the SGD 0.0 satisfy

20
E [|Jw’ — w*||5] < (1 —ap)'||lw’ —w*||3 + 702

EXE: The steps of the proof are given in the

SGD proof exercise list for homework!

RMG, N. Loizou, X. Qian, A. Sailanbayey, E. Shulgin, P.
Richtarik (2019) ICML 2019
Adobe

SGD: General Analysis and Improved Rates.




Stochastic Gradient Descent
a =0.5

|
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Stochastic Gradient Descent
a =0.5

45



Stochastic Gradient Descent 46

a =0.5




SGD shrinking stepsize

SGD 1.0: Descreasing stepsize
Set w’ = 0
Choose o > 0, ay — 0, Y .~ g = 0
fort=0,1,2,..., T —1
sample j € {1,...,n}
wt—l—l — wt _ atvfj (wt)
Output w!

Shrinking
Stepsize

47



SGD shrinking stepsize

SGD 1.0: Descreasing stepsize
Set w’ =0
Choose o > 0, ay — 0, Y .~ g = 0
fort=0,1,2,..., T —1
sample j € {1,...,n}
wt = w! — o,V f;(w?)

Output w!
Shrinking
How Sh().lﬂd we Stepsize How fast a; — 07
sample j 7

Does this converge?

48
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SGD with shrinking stepsize
Compared with Gradient Descent

Convergence plot

e

107

| Gradient Descent

Loss function

1071 -

J 2000 4000 G000  B0OO0 10000 12000 14000
# SGD iterations




SGD with shrinking stepsize

o0

Compared with Gradient Descent

Distance to the minimum

1ﬂ“j

101 1

Convergence plot

?

Y

— od
— sgd switch

T
0

5000

10000 15000 20000
# SGD iterations

25000 0000



Complexity / Convergence

Lax ;= max L;
1=1,..., n
Theorem for shrinking stepsizes

Let f be pu—strongly quasi-convex and f; be L;,—smooth.
Let K := Liyax/ v and let

[ for ¢t <4[K]
2t+1
\ (tff)gu for t>4[K].
If t > 4[], then SGD 1.0 satifies
2 2
t * || 2 0”8 16 “C—‘ 0 * || 2
Bt - < 52+ 20 et )

1 1
O (Z) ‘ Iteration complexity O (—)
€



Complexity / Convergence

Theorem for shrinking stepsizes

Let f be pu—strongly quasi-convex and f; be L;,—smooth.
Let K := Liyax/ v and let

( 2L11nax for ¢t <4[K]
al = ¢
2t+1
\(HT)QM for t>4[K].
If t > 4[], then SGD 1.0 satifies ol =0(1/(t+1))
028 16 [K]?
. 112 0 * |12
EHw —w || < F;‘F o2 12 Hw — W H

1 1
O (Z) ‘ Iteration complexity O (—)
€



Complexity / Convergence

Theorem for shrinking stepsizes

Let f be pu—strongly quasi-convex and f; be L;,—smooth.
Let K := Liyax/ v and let

’2L11nax for ¢t <4[K]
al = <
2t 41
\(HT)Q” for t>4[K].
If t > 4[], then SGD 1.0 satifies ot — O(1/(t+1))
028 16 [K]?
. 112 0 * |12
E|jw! — w*]| <F?+62 o llw® —w|

1 1
O (z) ‘ Iteration complexity O (—)
€

In practice o' = C/(t+1) or o' = C/+/t + 1 where C is tuned



Stochastic Gradient Descent >

Compared with Gradient Descent

Convergence plot

e

107

| Gradient Descent

Loss function

1071 -

J 2000 4000 G000  B0OO0 10000 12000 14000
# SGD iterations




SGD with (late start) averaging

SGDA 1.1
Set w' =0
Choose ay > 0, ay — 0, >~ g = 0
Choose averaging start sp € N
fort =0,1,2,.... T —1
sample 7 € {1,...,n}
wit = w! —  V f;(w?)

if t > sg
— 1 t t
W = t—SO Z’i:SO w
else: W = w
Output w

and Optimization (1992)

i B. T. Polyak and A. B. Juditsky, SIAM Journal on Control
Adb Acceleration of stochastic approximation by averaging

560



SGD with (late start) averaging

SGDA 1.1
Set w' =0
Choose ay > 0, ay — 0, >~ g = 0
Choose averaging start sp € N
fort=20,1,2,...,T —1
sample 7 € {1,...,n}

t+1 .t . ¢ This is not
w =W - atvf] (w ) efficient. How to
lf t > S0 make this efficient?
— 1 t "
W= t—So Z’I;:S() w
else: w = w
Output w

B. T. Polyak and A. B. Juditsky, SIAM Journal on Control
.3?9 and Optimization (1992)
Adebe Acceleration of stochastic approximation by averaging




Stochastic Gradient Descent o8

With and without averaging

Convergence plot

— 5GD shrink
— SGD average

1071 4

Starts slow, but
can reach higher
accuracy

Loss function

0 2000 4000 6000 BOOO 10000 12000 14000
#iterations



Stochastic Gradient Descent >

With and without averaging

Convergence plot

—— 5GD shrink
— SGD average

1071 4

Loss function

0 2000 4000 G000  B0OO0 10000 12000 14000
#iterations



Stochastic Gradient Descent
Averaging the last few iterates

Convergence plot

— SGD shrink
— 5GD0 average end

LF

0 2000 4000 6000  BOOO 10000 12000 14000
#iterations

107! A

Loss function

60



61

Comparison GD and SGD for strongly
convex SGD GD

Iteration 1 1
v o) o=(0)
complexity € €
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Comparison GD and SGD for strongly
convex SGD GD

Iteration 1 1
v o) o=(0)
complexity € €

Cost of an

O (1) O (n)

iteration
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Comparison GD and SGD for strongly
convex SGD GD

Iteration 1 1
v o) o=(0)
complexity € €

Cost of an

iteration

Total 1 1
complexity” 0 (E) O | nlog -
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Comparison GD and SGD for strongly
convex SGD GD

Iteration 1 1
v o) o=(0)
complexity € €

Cost of an

iteration
Total 1 | 1
complexity” O e O | nlog -

*Total complexity = (Iteration complexity) x (Cost of an iteration)
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Comparison GD and SGD for strongly
convex SGD GD

Iteration 1 1
v o) o=(0)
complexity € €

Cost of an

iteration O (1) O (n)
Total 1 O | 1
complexity” 0 c nlog -
What happens if € is small? What happens if n is big?

*Total complexity = (Iteration complexity) x (Cost of an iteration)



Comparison SGD vs GD

A
log(error)

SGD

Modern variance I -

reduced version

of SGD time

M. Schmidt, N. Le Roux, F. Bach (2016)
! Mathematical Programming
Adobe Minimizing Finite Sums with the Stochastic Average

Gradient.




Comparison SGD vs GD

A
log(error)

SGD

Modern variance I -

reduced version

of SGD time

M. Schmidt, N. Le Roux, F. Bach (2016)
! Mathematical Programming
Adobe Minimizing Finite Sums with the Stochastic Average

Gradient.




Comparison SGD vs GD

A

log(error)

GD

SGD

Modern variance

reduced version

of SGD time

P M. Schmidt, N. Le Roux, F. Bach (2016)
! Mathematical Programming
Adobe Minimizing Finite Sums with the Stochastic Average

Gradient.




Comparison SGD vs GD

A
log(error)
GD
T SGD
Stoch. Average
Modern variance | Gradient (SAG) — _

reduced version

of SGD time

P M. Schmidt, N. Le Roux, F. Bach (2016)
! Mathematical Programming
Adobe Minimizing Finite Sums with the Stochastic Average

Gradient.




20 min tea time break?

70



~ Practical SGD for Sparse Data




7

Lazy SGD updates for Sparse Data

L2 regularizor +
linear hypothesis

mm —Z€ (w, "), y*) + 5|wl|5

Finite Sum Trammg Problem

Assume each data point 2¢ is s-sparse, how

many operations does each SGD step cost?
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Lazy SGD updates for Sparse Data

L2 regularizor +
linear hypothesis

mm —Z€ (w, ,y %HwH%

Finite Sum Trammg Problem

Assume each data point 2¢ is s-sparse, how

many operations does each SGD step cost?

wit = wh — ay (E’((wt,aji%y ):13 + Aw )
= (1 = daw' — apl'((w',2"), y")a’
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Lazy SGD updates for Sparse Data

. L2 regularizor +
Finite Sum Trammg Problem linear hypothesis

mm —Z€ w, x") ,y)—l—%Hng

Assume each data point 2¢ is s-sparse, how
many operations does each SGD step cost?

wt = wt — (E’((wt,aji%y ):13 + Aw )

= (1 - da)w’ — ol ((w', "), y")a’
\ J \ 7
Y

~\

Rescaling Addition sparse  — () (d)
O(d) vector O(s)
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Lazy SGD updates for Sparse Data

SGD step

w = (1 = day)w? — ol (W', ), y*) "

EXE: re-write the iterates using w! = 3;2! where 8; € R, z! € R?

Can you update 3; and z* so that each iteration is O(s)?
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Lazy SGD updates for Sparse Data

SGD step

w = (1 = day)w? — ol (W', ), y*) "

EXE: re-write the iterates using w! = 3;2! where 8; € R, z! € R?

Can you update 3; and z* so that each iteration is O(s)?
5t+12t+1 =(1- )\Oét)ﬁtzt — Oétg,(ﬁt<zta $i>a yi)xi

_ ¢ at€/(5t<zta$i>7yi) i
= (1 — Aoy ) B <Z - (1 — day) s ) )
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Lazy SGD updates for Sparse Data
SGD step

w = (1 = day)w? — ol (W', ), y*) "

EXE: re-write the iterates using w! = 3;2! where 8; € R, z! € R?

Can you update 3; and z* so that each iteration is O(s)?

5754_12 (1 — )\Ozt)ﬁtz — Oétg,(ﬁt<2 X > y")af‘

=1-A t_ al (B (2" 2°),y") z)
\(1 Ozt)ﬁjt << (ESYAL 3
M Y
Bet1 Lt

(1 _ t+1 _ _t at€/(5t<zta$i>ayi) i
Bir1 = (1= Aay)Be, 2T =2"— (1= ron) x
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Lazy SGD updates for Sparse Data

SGD step

w = (1 = day)w? — ol (W', ), y*) "

EXE: re-write the iterates using w! = 3;2! where 8; € R, z! € R?

Can you update 3; and z* so that each iteration is O(s)?
5t+12t+1 =(1- )\Oét)ﬁtzt — Oét£’(5t<zta $i>a yz)xz

= (1 — Aoy s <zt _ (Bl $Z>’yz)x"'>

\ )\ (1=Aa)B
O(1) scaling + \ Y
O(s) sparse add Br+1 AR

= (O(s) update / T
U(Bi(2"2%),y°) 4
— (1 — )\ t+1 _ ot X ) ; i
5754—1 ( at)ﬁta < < (1 — )\Oét)ﬁt T







8H
Issue with Gradient Descent

Solving the traini blem: min - (W) =:
olving the training problem ﬁ%n;f(w) f(w)

J

Baseline method: Gradient Descent (GD)

w' = w’ -y Vf(w') J

Step size/
Learning rate



Why GD and the the Issues

Local rate of change

A(d) = lim L&) = (@)

s—0T S

Max local rate

Vf(wt) = Inax
Vi) e Al

subject to ||d|| = 1

/

GD is the “steepest descent”

86



Issue with Gradient Descent
f(CUl,CCQ) = 100(331 — CC%)Z + (1 — 5132)2

Rosenbrock function

3.0

2,57

2.01

1.51

1.07

0.5 1

(.01

87




Adding some Momentum to GD

Heavey Ball Method:
W = w' —y Vf(w') + B —w' )

Adds “Inertia” to update

88



Adding some Momentum to GD

Heavey Ball Method:
W = w' —y Vf(w') + B —w' )

| |

Adds “Inertia” to update

GD with momentum (GDm):
Adds “Momentum” t t—1 t
m = 0m w
to update 5 T Vf( )
wt—|—1 _ wt . ,Ymt
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Issue with Gradient Descent

Rosenbrock function Rosenbrock function

3.0

2,57

2,01

1.5 1

1.0

0.5 1

(.01

—01.5 7

—1.0




GDm and Heavy Ball Equivalence

GD with momentum:

m! = m!~! + Vf(w)

wit! = wt — ym!




GDm and Heavy Ball Equivalence

GD with momentum:

m! = Bm'~t + Vf(wh)

witl = wt — v mt

witl = wt —ymt

= w' =y (Bm + Vf(w'))
= w' =y Vfw)—yBm™
= w' =y V(') + 2 (w' —w')

92
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GDm and Heavy Ball Equivalence

GD with momentum:

m! = Bm'~! + V f(w?)

witl = wt — v mt

witl = wt —ymt

t—1 __ 1 t t—1
= w'—y (Bm! T Vf(wh) TR
= w' =y Vf(w)—ysm™

= w' =y Vf(w')+ 2 (w' —w)
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GDm and Heavy Ball Equivalence

GD with momentum:

m' = Bm' ™ 4+ V f(w')

,wt—|—1 — wt — ’th

wt—l—l — wt—’}/mt |
= =y (Bm' T 4 V() M
= w' =y Vf(w')—yBm

= w'—yVf(w") + % (wt — wt=1)

w't = w' =y Vi) + B’ —w' )
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GDm and Heavy Ball Equivalence

GD with momentum:

m! = Bm'~! + V f(w?)

witl = wt — v mt

witl = wt —ymt
_ 1

— wt—y (Bmt L Vf(wt)) ™S e
= w' =y Vf(w)—ysm™
= w'—yVf(w") + % (wt — wt=1)

Heavey Ball Method: J

Wit = w' —y V(') + Bt —wt )




Convergence of Gradient Descent with *°
Momentum [™  polyak 1964

Theorem Let f be pu—strongly convex and L—smooth, that is
stepsize pl = V2f(’CU) < LI, VYwe R

4 0y =
If v= andﬁz\/_ VI

(VL + /) VL + /R

then SGDm converges

momentum parameter

) - < (ﬁj)tnw—w*u Y




Convergence of Gradient Descent with *°
Momentum “L Polyak 1964

Theorem Let f be pu—strongly convex and L—smooth, that is
stepsize pl = V2f(’CU) < LI, VYwe R

4 B_\/Z—\/ﬁ
(VL + /)2 - VI+ i

then SGDm converges

momentum parameter

) - < (é;i)tnuﬂ—w*u Y




Convergence of Gradient Descent with *
Momentum “L Polyak 1964

Theorem Let f be pu—strongly convex and L—smooth, that is

stepsize pl = V2f(UJ) < LI, VYwe R

If v= 1 and 8 = VE= v

(VL + /1) VL+ /i

then SGDm converges

momentum parameter

) ol < () - p

Compare with xlog(1/€) of GD

t ok
€ w- —w




Proof sketch: GDm convergence

Fundamental Theorem of Calculus

/ | VEf(u)dsu’ =) = Vf () = Vf () = f(w)

99

N J
ws == w* + s(w’ — w*)




Proof sketch: GDm convergence 100

Fundamental Theorem of Calculus

/_0 VZf(ws)dS(wt — w*) _ Vf(wt) . Vf(w*) _ Vf(wt)

o Y,
ws 1= w” + s(w' - w”)

wit™ —w* = wt —w* _'va<wt)—|—6(wt—wt—l) ot —
B (I 7 fslzo VQf(’LUS)> (wt — w*) + B(w! — w1

= (A= [y V") @' — ) — Bt — )



Proof sketch: GDm convergence 101

Fundamental Theorem of Calculus

/_0 VZf(ws)dS(wt — w*) _ Vf(wt) . Vf(w*) _ Vf(wt)

o Y,
ws 1= w” + s(w' - w”)

wit™ —w* = wt —w* _'va<wt)—|—6(wt—wt—l) ot —
B (I 7 fslzo VQf(’LUS)> (wt — w*) + B(w! — w1

= (A= [y V") @' — ) — Bt — )

=: A,



Proof sketch: GDm convergence 102

Fundamental Theorem of Calculus

/_0 V2f(w8)d8(wt —w*) =V ') - Vfw*) =Vfw)

o Y,
ws 1= w” + s(w' - w”)

wit™ —w* = wt —w* _’YVf<wt)—|—5(wt_wt—l) ot —
B (I 7 fslzo VQf(’LUS)> (wt — w*) + B(w! — w1

= (A= [y V") @' — ) — Bt — )



Proof sketch: GDm convergence 103

Fundamental Theorem of Calculus

/ 0 V2 f(ws)ds(w' — w*) = Vf(w') = Vf(w") = Vf(u')

o Y,
ws 1= w" + s(w’ — w")

wit™ —w* = wt —w* _’YVf(wt)—Fﬁ(wt_wt—l) ot —
B (I 7 fslzo VQf(’LUS)> (wt — w*) + B(w! — w1

= ((1 + )1 —~ fslzo sz(ws)) (wt — w*) — Blwtt — w*)

=: A,
= Ay(w' —w*) = Bw' ™" —w")

Depends on past. Difficult recurrence
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Proof: Convergence of Heavy Ball

t+1 *
w — W

zt+1——[ . *]eRQd J
w —w
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Proof: Convergence of Heavy Ball

t+1 *
w — W
i = [ b ] e R* J
w” —w

Zt—l—l B [wt—l—l . ’UJ*] B [As<wt . UJ*) . B(wt_l . w*)]
— " y —

t *
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Proof: Convergence of Heavy Ball

t+1 *
W — w
Lt — [ . . ] c R2d J

zt—l—l B ',wt—l—l . w*] B [As(wt L UJ*) . B(wt_l . UJ*)]
— " y —
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Proof: Convergence of Heavy Ball

t+1 *
W — w
Lt — [ . . ] c R2d J

[ASW —w*) — Bw ! - w*)]

rrl ',wt—l—l _ w*]
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Proof: Convergence of Heavy Ball

t+1 *
W — w
Lt — [ . . ] c R2d J

w —w

bl ',wt—l—l _ w*]

[As<wt —w*) — Bw ! - w*)]

Simple recurrence!
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Proof: Convergence of Heavy Ball

t+1 *
W — w
Lt — [ . . ] c R2d J

w —w

bl _,wt—l—l _ w*]

[As<w’f —w*) — Bw ! - w*)]

0 W —w
As —1 5 t
— 7 0 < Simple recurrence!

A, —T |
|4 < P12
I 0
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Proof: Convergence of Heavy Ball

A, -1
o< |1 ||zt||J
/

\
Y




Proof: Convergence of Heavy Ball

B I w]“ |zt|J

Al = max (A
EXE on Eigenvalues:
4 L —
If 4 = and g= YEZVE 4o
(VL + /i) VL+ /i

i | =

111



Proof: Convergence of Heavy Ball

B I m]“ |zt|J

JAl = max_|A(A)

1+ 6)1 -~ V2 f(w?)

EXE on Eigenvalues: s=0
4 L —
If 4 = and 5= YEZVE 4o
(VL + /1) VL + /i

i | =

112
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Adding Momentum to SGD

Adobe

. Rumelhart, Hinton,

Geoffrey, Ronald,
1986, Nature

Stochastic Heavey Ball Method:

Wt =l V() + Bt — wt )

Sampled i.i.d

je{l,...,n} Adds “Inertia” to update

: 1
J 5
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Adding Momentum to SGD

Adobe

Rumelhart, Hinton,
Geoffrey, Ronald,
1986, Nature

Stochastic Heavey Ball Method:

Wt =l V() + Bt — wt )

Sampled i.i.d

je{l,...,n} Adds “Inertia” to update
. 1
J ™~

SGD with momentum (SGDm):

m' = pm' ™ + Vfj, (w')

witt =t — 4 m!
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SGDm and Averaging
m' = fm'~' + V[, (w')
= Bm' 72+ V[, (w') + BV f,_, (w)
— 22:1 ﬁivfjt—i (wt_i)

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html
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SGDm and Averaging
m' = pm'T+ Vfj, (w')
= Bm' T2V (w) + BV S (')
= 22:1 BV fj,_i (W) m® =0

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html
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SGDm and Averaging
m' = pm'T+ Vfj, (w')
= Bm' T2V (w) + BV S (')
= 23:1 BV fj,_i (W) m® =0

SGD with momentutm (SGDm):

W= w3 VS ()
1=1

)

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html
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SGDm and Averaging
m' = AmT 4V, (wh)
= Om' 72+ V5, () + BV fj (')
2;1 BV fj,_i (W) m® =0

SGD with momentutm (SGDm):

W= w3 VS ()
1=1

)

Acts like an approximate variance reduction since

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html
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SGDm and Averaging
m' = Bm'™t +Vfj, (w')
= Bm' T2V (w) + BV S (')
Z§:1 BV fj,_i (W) m® =0

SGD with momentutm (SGDm):

W= w3 VS ()
1=1

Acts like an approximate variance reduction since

t

E:z E: t
1=1
http://fa.bianp.net/teach1ng/2018/C0MP 652/stochastic gradient.html



Why Machine Learners Like SGD




Why Machine Learners like SGD

Though we solve:

min = Z€ (hw(z"),y") + AR(w)

weRd " 4

We want to solve:

The statistical learning problem:

Minimize the expected loss over an unknown expectation

wrrel;lfrild E(x’y),\,p [f (hw (:IJ), y)]

SGD can solve the
statistical learning problem!

123
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Why Machine Learners like SGD

The statistical learning problem:

Minimize the expected loss over an unknown expectation

mlfild ]E(x y)~D [E (hw (33)7 y)]

SGD o0.0 for learning
Set w’ =0, a >0
fort=0,1,2,..., T —1
sample (x,y) ~ D
calculate vy € 00(hyt (), y)
wttl = wt — owt

Output w' = = Zt W
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Bring laptops for Thursday TD !



RMG, Nicolas Loizou, Xun Qian, Alibek Sailanbayey,
Egor Shulgin and Peter Richtarik (2019), ICML
SGD: general analysis and improved rates

RMG, P. Richtarik, F. Bach (2018), preprint online
Stochastic quasi-gradient methods: Variance
reduction via Jacobian sketching

N. Gazagnadou, RMG, J. Salmon (2019) , ICML 2019.
Optimal mini-batch and step sizes for SAGA

O. Sebbouh, N. Gazagnadou, S. Jelassi, F. Bach, RMG
Neurips 2019, preprint online. Towards closing the
gap between the theory and practice of SVRG
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