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Core Info

* Where: ENS: 07/11 amphi Langevin, 03/12 U209, 05/12
amphi Langevin.

* Online: Teaching materials for these 3 classes:
https://gowerrobert.github.io/

* Google docs with course info: Can also be found on
https://gowerrobert.github.io/


https://gowerrobert.github.io/
https://gowerrobert.github.io/

Outline of my three classes

* 07/11/19 Foundations and the empirical risk problem,
revision probability, SGD (Stochastic Gradient Descent) for
ridge regression

* 03/12/19 SGD for convex optimization. Theory and variants

* 05/12/19 Lab on SGD and variants



Detailed Outline today

13:30 — 14:00: Introduction to empirical risk minimization and
classification and SGD

14:00 — 15:00 Revision on probability

15:00 — 15:30: Tea Time! Break

15:30 — 17:00: Exercises and proof of convergence of SGD for

ridge regression



An Introduction to

Supervised Learning




References classes today

Chapter 2 Pages 67 to 79

Understanding Machine Convex Optimization,
Learning: From "Theory to Stephen Boyd
Algorithms

Stephen Boyd and
Lieven Vandenberghe

UNDERSTANDING

MACHINE

LEARNING convex

Optimization
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Is There a Cat in the Photo?

Yes
h
I
No
z: Input /Feature y: Output/Target

Find mapping A that assigns the “correct” target to each input

h:xzcR? - y € R




Labeled Data: The training set
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Learning ‘
Algorithm hﬂ?EX—)yER




Example: Linear Regression for
Height Viale =0

Female = 1
Labelled data X & R2, ye Ry

CC%{ Sex 0 CU?{ Sex 1
x% { Age 30 RN 56727’ { Age 70

1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm




Example: Linear Regression for
Height Viale =0

Female = 1
Labelled data X & R2, ye Ry

1
Xq { Sex 0 CE? { Sex 1
a:% { Age 30 RN :US’ { Age 70
1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm

Example Hypothesis: Linear Model .
ro=—
Ry, (Il, QEQ) = Wo + T1W1 + oWy = <’LU, 33>




Male = 0

Female = 1
Labelled data X & R2, ye Ry

1
X1 { Sex 0 33711 { Sex 1
513% { Age 30 RN 373 { Age 70
1 n
Yy { Height 1,72 cm Yy { Height 1,52 cm

Example Hypothesis: Linear Model

330:1

ho(T1,22) = wo + T1w1 + 2w = (W, x)
Example Training Prol%/lem:
. . . . 2
min % Z (hw(xi, To) — yz)

R3
wE 1




Linear Regression for Height

HeightA Sex = (




Linear Regression for Height
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h’w (3317 :CZ)

A
The Training &¢
Algorithm
= 2
. 1 () ) )
min - how(x7, @



Linear Regression for Height

HeightA Sex = (

Other options
aside from linear?

hw (:Cla :CZ)

>
A
The Training 8¢
Algorithm
n
. 1 () ) A
min - how(x7, @
wERS M 4 ( w (21, T3) y)



Parametrizing the Hypothesis

Linear:

Polinomial:

Neural Net:

d e
ho () =) wiw; E
i=0 ;

>
Age
d H
S .. . . i X X X
hy () = E WigTity |
1,7=0 il >
Age

U1

k exe :

v1 = sign(wi1z1 + wi2x2)

U2
Y1
T9 ’037 Vg = 1/ (1 —+ exp(w41:€1 + w42:132))
Uy

L1



LL.oss Functions
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Let Yn — hw(x)

Loss Functions

/- RxR — R_|_
(yn,y) — Lyn,y)

The Trammg Problem

min — g E
ERd

Why a Squared
Loss?



n

\ 2
min = g yz)
weRd "

=1

Let Yn — hw(ZIZ)

Loss Functions

/- RxR — R_|_
(yn,y) — Lyn,y)

The Training Problem

R RN

Why a Squared
Loss?

Typically a
convex function



Choosing the Loss Function
Let yp := hy(x) Uy, 1)

Quadratic Loss U(yn,y) = (yn — ?/)2

1 Yn
g(yha]-) 4
0 if y, =
Binary Loss U(yn,y) = 1 Y=Y
1 iy, #y I
1 Yn

E(yh, 1)
Hinge Loss U(yn, y) = max{0,1 — yry} L

1 Yn
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y=1 in all
Choosing the Loss Function — [Hisues

Let yp := hy(x) Uy, 1)

Quadratic Loss U(yn,y) = (yn — ?/)2

1 Yn
(yn,1) 4
0 ify, =
Binary Loss Uyn,y) = 1 Yh =14
1 ifyn #y I I
1 Yh
E(yh,l)
Hinge Loss U(yn, y) = max{0,1 — yry} E
1 Yn

EXE: Plot the binary and hinge loss function in when ¢y = —1




LLoss Functions

Is a notion of Loss enough?

What happens when we do not have enough data?



Loss Functions

The Training Problem

%ﬁz—Zf )

Is a notion of Loss enough?

What happens when we do not have enough data?



Overfitting and Model Complexity

Y Py

Fitting 1% order polynomial
hy = (W, x)

* 2
w* = arg min = E
weRd ™



Overfitting and Model Complexity

A

Fitting 2" order polynomial
hy, = wo + UJ1CE + wox
2
w* = arg min = g
weRd "



Overfitting and Model Complexity

Fitting 3" order polynomial
_ NS 0
By = 0 0 W; T

% 2
w' = arg min - E
weRd "



Overfitting and Model Complexity

Fitting 9™ order polynomial
_ VWY 0
By = D o 0 W; X

% 2
w® = arg min = E
weRd "



Regularization

Regularizor Functions
R : Rd — R_|_
w —  R(w)

General Tramlng Problem

min —Z€ ) + AR(w)

weRA
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Regularization

Regularizor Functions

R : Rd —> R_|_ Controls tradeofft
between fit and
w — R(w) complexity

General Training Problem

min = Z€ ), ") + AR(w)
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Regularizor Functions

R : Rd — R_|_ Controls tradeofft
between fit and
w — R(w) complexity

General Tramlng Problem

min —Z€ ) + AR(w)

weRA
J \ J
Y Y
Goodness of fit, Penalizes
fidelity term ...etc complexity

Exe:
R(w) = ||w||3, ||lw|l, |lw||,, other norms ...



Overfitting and Model Complexity

A

Yy
_. T
* 5%
o
N
- .
" 2
Fitting k™ order polynomial
k o
h, = ZZ o Wik
2
w* = arg min = g )"+ Alwl]x

weRd "



Overfitting and Model Complexity

A
Yy
® g For A big enough,
o ° the solution is a 2"
Y @ order polynomial
o L
S
x 3

Fitting k™ order polynomial
k o
hy, = § g Wi

w* = arg min —Z 2+)\Hw||1
weRA



Fxe: Ridge Regression

Linear hypothesis L2 regularizor
ho() = (w.2) = R(w)= w3
L2 loss

Uyn,y) = (yn — y)*

Ridge Regression

n
.1 i i\ \2 2
min = E w, T + Al|w
weRd”izl(y ( ) w3



Exe: Support Vector Machines
Linear hypothesis L2 regularizor
ho(@) = (w,z) ™™ R(w) = w3

Hinge loss

(yn,y) = max{0,1 — ypy}

4

SVM with soft margin

n



Fixe: Logistic Regression

Linear hypothesis L2 regularizor
ho() = (w.2) = R(w)= w3

Logistic loss

((yn,y) = In(1 +e7¥%")

Logistic Regressmn

min —Zln (1+eY ) ) + A |wl|3

weRd —



The Machine Learners Job

(1) Get the labeled data: (z,¢y),..., (=", y")
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Test and cross-validate. If fail, go back a few steps



The Machine Learners Job

Get the labeled data: (z*,v'),..., (2", y")

Choose a parametrization for hypothesis: h,,(x)

Choose a loss function: ¢(h(x),y) >0

Solve the tmz’ning problem:

min —Z€ )+ AR(w)

weRA

Test and cross-validate. If fail, go back a few steps



Re-writing as Sum of Terms

A Datum Function

fi(w) =€ (hyp(x"),y") + AR(w)

%Zz(hw(xi),yi)ﬂfz(w) — 12
— 12]0@

Finite Sum Training Problem

Can we use this
sum structure?

54

) + AR(w))



The Training Problem

Solving the training problem: min % Z fi(w)

Reference method: Gradient descent

\% (% Zfi(@) = %vaz‘(w)

Gradient Descent Algorithm

Set w® = 0, choose a > 0.
tort=20,1,2,...,7 —1

wt+1 T w o _Zz 1va(
Output w’

)

95



Solving the training problem: min = Z fi(w)

Problem with Gradient Descent:
Each iteration requires computing a gradient V f;(w) for
each data point. One gradient for each cat on the internet!

Gradient Descent Algorithm

Set w® = 0, choose a > 0.
fort=0,1,2,...,7T

wH_l_w __Zz 1vfz( )
Output w’




Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?

57
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Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then

E; [V f;(w ZW; = Vf(w)
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Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then

E; [V f;(w ZW; = Vf(w)



Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then

E; [V f;(w Zm = Vf(w)

Use Vf;(w) = V f(w)

EXE: & .
Let Zpi =1 and j ~ p;. Show E[V f;(w)/(np;)]

1=1

—Vf(w)

60



Stochastic Gradient Descent

SGD 0.0 Constant stepsize
Set w® =0, choose a > 0

fort =0,1,2,...,T —1
sample j € {1,...,n}
wt = wt — aV f;(w?)

Output w?

61



Stochastic Gradient Descent
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13:30 — 14:00: Introduction to empirical risk minimization and
classification and SGD

14:00 — 15:00 Revision on probability

15:00 — 15:30: Tea Time! Break

15:30 — 17:00: Exercises and proof of convergence of

SGD for ridge regression



Assumptions for Convergence

Strong Convexity \
f(y) 2 f(w) + (VF(w),y —w) + Slly — w5,

2(V f(w), w —w") > Mw - w*[|3

Yw, y

64
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Yw, y

65



66

Assumptions for Convergence

Strong Convexity

F() > () + (Vf(w).y —w) + 5y~ w3, Vu.y

2(V f(w), w —w") > Mw - w*[|3

Expected Bounded Stochastic Gradients
E;[||[Vfi(wh]|3] < B?, for all iterates w’ of SGD
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Assumptions for Convergence

Strong Convexity

F() > () + (Vf(w).y —w) + 5y~ w3, Vu.y

2(V f(w), w —w") > Mw - w*[|3

Expected Bounded Stochastic Gradients
E;[||[Vfi(wh]|3] < B?, for all iterates w’ of SGD
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Complexity / Convergence

Theorem

f0<a< % then the iterates of the SGD 0.0 method satisty

% * @
E [|lw’ —w*|]3] < (1 —aX)|w’ —w ||3+XBQ

EXE: Do exercises on convergence of random sequences.



69

Complexity / Convergence

Theorem

f0<a< % then the iterates of the SGD 0.0 method satisty

% * @
E [|lw’ —w*|]3] < (1 —aX)||w’ —w ||3+XBQ

Shows that o ~

1
A

EXE: Do exercises on convergence of random sequences.
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Complexity / Convergence

Theorem

f0<a< % then the iterates of the SGD 0.0 method satisty

* * 0%
E [|lw —w*[l3] < (1 = ad)|jw” —w"[|5+ T B’

Shows that o ~ Shows that o ~ 0

1
A

EXE: Do exercises on convergence of random sequences.



Stochastic Gradient Descent
a =0.01

71



Stochastic Gradient Descent

a =0.1

25} |

1.5F

0.5 x
0

L} 1] 1 11

Of

O wa=01
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Stochastic Grad
a =0.2

ient Descent

73



Stochastic Gradient Descent
a =0.5

|
W
|
n
%)
|
n
op O

0.5
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