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Sketch and project applications

Numerical Linear Algebra

+ Linear systems
+ Matrix inverse
+ Pseudo inverse

Stochastic Optimization

+ Stochastic Quasi-Newton methods
+ Stochastic variance reduced gradients
+ Stochastic Coordinate descent

Distributed Consensus



'hree viewpoints of the

Pseudoinverse
~ Three methods
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Given A € R™*™ compute an approx. AT € R"X™

AT = arg min [|X|%

XEnXm
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Three Viewpoints

Given A € R™*™ compute an approx. AT € R"X™

AT = arg min [|X|%

XEnXm

subject to
(DA =A"4AX or (2)A' =XAA" or (3)AXA=A

\ \
< /: Design three methods < /: Use stochastic sketching
’@ based on approximate ’@ to approximate the

A stochastic projections ¥  constraints



Sketching




Randomized Sketching
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The Sketching Matrix

S ~ D a distribution over matrices S &
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26, Extensions of Lipschitz mappings into a Hilbert space.
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David P. Woodruff (2014), Foundations and Trends® in Theoretical
Computer, Sketching as a Tool for Numerical Linear Algebra.




Sketching and Projecting




Method 1 4 = agmin|x|2

subject to A" = ATAX

Sample S ~ D
X = argmin||X - X3
subject to S'A' =STATAX
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Method 1 4 = agmin|x|2

subject to AT = ATAX

Sample S ~ D
Xip1 = argmin||X — X|[%
subject to S'A' =STATAX

Or equivalently using duality

X = in [| X — A"||3
t+1 al’gf)l’(l’lrlilH ||F

subject to X = X, + A" AST



Problem:
AT = arg min || X||%
subject to AT = ATAX

Sample S ~ D
Xip1 = argmin||X — Xi||;
subject to S'A' =STATAX

Or equivalently using duality

Xp1 = argmin||X — AT||%
subject to X = X, + A" AST

X1 = X; — ATAS\(ST(ATA)ZS)ITSTAT(AXt — 1)
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Problem:
AT = arg min || X||%
subject to AT = ATAX

Sample S ~ D
Xip1 = argmin||X — Xi||;
subject to S'A' =STATAX

Or equivalently using duality

. 5 Use powerful
Xii1 = arg min || X — AT|| direct solver
* X,T d

subject to X = X, + A" AST

X1 = X; — ATAS\(ST(ATA)ZS)ITSTAT(AXt — 1)

|
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Theorem [GR‘16]
Let Hg := S(S" (A" 4)29)1S" = 0.
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Theorem [GR‘16]
Let Hg := S(S'(A"A4)29)TS" = 0.
If Xo € Range(A' A) and E[Hg] > 0 then

E[||X: — A"||%] < o' X0 — AT||7

Smallest nonzero

where eigenvalue

p:=1—-\"

min

(ATAE[HG|A' A)



Case study of E[Hjg]

H :=S(ST(AT 4)%28)1sT
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RMG, P. Richtarik (2016). Stochastic Dual Ascent for Solving Linear
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Case study of E[Hjg]
H:=S(ST(A"A)28)1sT

Special Choice of Parameters

rosc=y  mmp P =0

1=1

= diag(||A" Al[3)

.i RMG, P. Richtarik (2016). Stochastic Dual Ascent for Solving Linear
Adob Systems, arXiv:1512.06890




Case study of E[Hjg]

H := S(ST(AT A)29) ST

Special Choice of Parameters
T

€;€;
PSS Y i
— diag(| ATALID

.i RMG, P. Richtarik (2016). Stochastic Dual Ascent for Solving Linear
Adob Systems, arXiv:1512.06890




Case study of E[Hjg]

H =[S|(S7 (AT 4)5)f(S™]

Special Choice of Parameters
T

e; €
_ =t E[Hg] = — A
PSS oY i
— diag(| ATALID

.I:l RMG, P. Richtarik (2016). Stochastic Dual Ascent for Solving Linear
Adob Systems, arXiv:1512.06890




Case study of E[Hjg]

H =[S|(S7 (AT 4)5)f(S™]

Special Choice of Parameters

T

e;e
= E[HS = — L]
P(S = ¢;) — - ZHATA H2
—dlag(HATA 115)

No zero columns in A ‘ E[H] is positive definite

.I:l RMG, P. Richtarik (2016). Stochastic Dual Ascent for Solving Linear
Adob Systems, arXiv:1512.06890




Theorem [GR‘16] If S = S; with probability

Tr(S,' (A" A)2S;) N
— — —— re=1,...,r
P e (ST (AT A)23)
and S :=[S1,...,S5,] is nonsingular then,
1
— 1\t (AT T B _
pi= 1= N (ATAE[HS|ATA) <1 - s
Tr (S (A" A)2S)

k2(ATAS) =

Amin (ST(AT A)2S)
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Tr (ST(AT A)25)
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Theorem [GR‘16] If S = S; with probability

Tr(S,' (A" A)2S;) |
pi = = —_ fort=1,...,r
Tr(ST (AT A)2S)
and S :=[S1,...,S5,] is nonsingular then,
1
p:=1-\". (A" AE[Hg]|A"'A) <1 (AT AS)

where k 1s the scaled condition number,
S=(A"TA)T =~ X, X,'?
Tr (ST (AT 4)25)

RQ(ATAS) = )\min(ST(ATA)QS)




Adaptive Sketching

Amin (ST (AT A)28)
Tr(ST(AT A)23)

t
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Adaptive Sketching

Amin(ST (AT A)2S)
Tr(ST(AT A)23)

t
BJ||X, — A[|2] < (1— ) 10 — AT|12

To minimize condition number:

_ Amin(ST(ATA)2S)  A\u(I) 1
oAt A TH h min \* - -
IfS=A"A"" then (ST(ATA)25) — T — -

XAl XX - AtAT

S=IcX.X,, Cc{l,...,n}



Adaptive Sketching

Amin (ST (AT A)235)
Tr(ST(AT A)29)

t
E[||X, — A[2] < (1— ) 10 — AT|12

To minimize condition number:

) Amin(ST(ATA28)  Ain(D) 1
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Adaptive Sketching

Amin (ST (AT A)235)
Tr(ST(AT A)29)

t
E[||X, — A[2] < (1— ) 10 — AT|12

To minimize condition number:

] Anin(ST(ATAZE)  Apin(D) 1
— ATATT h - — — p— —
s BN Sh ST(ATAR2S)  Te(I) n

X, Al ) XX - ATATT

Didn't work well in practice

®0c{1,...,n}




Choosing the Sketching

Sample S ~ D
X1 = argmin|lX — X%
subject to S'A' =STATAX

Adaptive method

SATAX-ada Prob|S = X;Ic] =1/ ('S‘), C c{l,...,n}
Uniform coordinates
C
SATAX-uni  Prob|S =1 =1/ <| |>, Ccil,...,n}
T



Numerics




Benchmark

Symmetric Newton-Schulz

Xt_|_1 — 2Xt - XtAXt

Guarantees
convergence

AT

= ||I—XOA|| <1
1AlI%

1
Xo = 1

Residual

Tt — ||A—AXtA||F



on

UF collect

residual

Sparse Matrices from
Engineering

100 \%i‘r%% 5‘7-”‘
X ’."'." -@- SATAX-uni
\\ "'- -0 SATAX-ada
@ ."-, - NewtonSchulz
10—1 |
"Q‘
[
1072} :
¢
10°*
4
5 0w 15 20 25 30 35 40 45 50 55 60
time

100 000095
i -@- SATAX-uni
‘ -0 SATAX-ada
¢ ~-¢- NewtonSchulz
‘.l
10!
¢
10~
.".
o
103
a0 100 150 200 250 300 350 4007
flops

r=|vm) = 48

LPnetlib/lp ken 07 (m; n) = (2, 426; 3, 602).



UF collection

residual
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Sparse Matrices from
Engineering
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Symmetric Rank deficient

" Matrices A = AT




The Symmetric e s
MethOd subject to fleXA



The Symmetric B e
MethOd subject to fl:AXA

Sample S ~ D
X1 = argmin|lX — Xi||%
subject to S'AS=S"AXAS

Or equivalently using duality

Xep1 = argmin||lX — AT %
subje(’:t to X =X;,+ ASTS'"A



The Symmetric B e
MethOd subject to fl:AXA

Sample S ~ D
X1 = argmin|lX — Xi||%
subject to S'AS=S"AXAS

Or equivalently using duality

X — X — AT|]?
t41 arg T)I(llrlil || ||F

subject to X = X, + ASTS'A

X1 = X; + AS(tS*TAQS}TST(A — AX,A)S(S"TA28)TST A

| Symmetric
T X T iterates




Choosing the Sketching

Sample S ~ D
X1 = argmin|lX — X%
subject to S'AS=S"TAXAS

Adaptive method
SAXAS-ada S=Xile, CCAl,...,n}

Uniform coordinates

SAXAS-uni S =1Is, CcC{l,...,n}
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residual

Low rank approx of
Gaussian
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Related Problems

X
Range Space Projection \ Range(A)
PAZC
Py = afgm]__i)ﬂHPH%’

subjectto PA=A, P=P', P>0
Sketch and Project
Py = argmin||P - Pl[}
subject to PAS=AS, P=P', P>0

Amin (ST A2S
Tr(ST A2S)

t
E[||P, — Pa||2] < (1— >) 1Py = PallZ
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