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Mission statement:
“Develop an informative analysis for stochastic gradient algorithms

for solving (I) that saves time for practitioners and theorists.”

informative: tight with realistic assumptions inform parameter choices and
implementations
saves time for practitioners: Less hyper-parameter tuning works out of the box

saves time for theorists: Simplify and unifies existing theory.

Case study today: Learning rates/stepsizes and minibatch size for SGD and
stochastic variance reduced methods SAGA and SVRG
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The Stochastic Gradient Method

Solving the training problem: min % Z fi(w)

Baseline method: Stochastic Gradient Descent (SGD)

R X

jeB

* What should b be?

* How does b influence the stepsizes? Minibatch where

* How does the data influence the best Be{l,..., n} with |B| = b
mini-batch and stepsize?
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Simple Stochastic Reformulation

Random sampling vector v = (vy,...,v,) ~ D with
Elv;]=1, fori=1,...,n

= =Y fiw) = - Y Efeilfitw) = B

Original finite Stochastic Reformulation
sum problem

min _Zf% ” i I8 (),

weRd N Minimizing the expectation of random linear
/ combinations of original function /
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SGD with arbitrary sampling

. 1
min E | f,(w) == — 3 vifi(w)
weRd n P
saves time for theorists: One

1 representation for all forms of sampling

t The distribution D encodes any form
Sample v* ~ D . . .
of mini-batching/ non-uniform
t+1 ¢ t sampling. Our analysis is done for any
w' T =w' — Ve (w') S
4 distributionD.

Example: Gradient descent
By design we have that
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Single element SGD

Sample v' ~ D - Vfo(w) =V fi(w)
W = w — 4V for (w') J

E[V fo(w)] = V f(w)
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Mini-batch SGD

without replacement
- V folw ZVf

Sample v' ~ D

W = wl - V)
EV fo(w)] =V f(w)
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SGD with arbitrary sampling

n

folw) = L sz‘fi(w)}

n -
1=1

: 1

Sample v’ ~ D

wit = wt — %V £ (w?)

min K
weR

J

Includes all forms of It’s a SGD general, but
SGD (and GD) how to analyse this ?
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Assumptions and Convergence of
Gradient Descent gz o

convexity constant

Fw*) > Fl) + (V@) ) + L —y||2J

Smoothness constant

IV (w) — V(w2 < 2L (4 J

wit = wt — —vf('wt)7 UV = (17 : 71) c argliré}lgd . ;fZ(w)

Iteration complexity of gradient descent

L 1
Given € > 0 and t > — log (—) ‘
14 €

|lw" —w|

lw® —w*|| ~

< €

J
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Assumptions and Convergence of
SGD

Fw) > £) + (T F) " —y) + 2w =1 J

Bigger smoothness constant/ stronger assumption

3 V) = VA S 2L ()~ )

Definition 1 Z va ”2 J
i

Iteration complexity of SGD

Lo 0 D Efllw' —w*) _
> max » < €
= (5 5a) e (0) =

ni Needell, Srebro, Ward: Math. Prog, 2016.
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Informal comparison between GD
and SGD iteration complexity

GD r SGD
L o
tZO(‘) t20< mex 4 *2>
v [ €p ) )
Efllwt —w']] _ -
0 ¥ = When n is big
| |wd — w|| L < Lo
How do they compare? In general: [, < Lmax < nl J

Need new “interpolating” L <? L(D) 7 < LmaXJ

notion of smoothness — —
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Example of Expected Smoothness

of = LY |V fi(w)|
=1

S'is chosen uniformly at random L) n(b—1) n—>b Lo a2(b) = n—>b o2
from all subsets of size b b(n —1) b(n —1)

bn—1) "~

Measures how much

by 3 €S model fits data
“lo igs
a0q" Lax 0? = o2
350"
o
< 300
°
(o]
£ 250
2 Lo What about ¢2?
]
5 150 o® == E[|Vf,(w*)|]?]

100-

50
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batchsize
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0% = E[||V f.(w")|

)

Normally bound on

gradient is an assumption

Assumption There exists B>0

E[|V fo(w")|*] < B

o
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M alin Th eorem (Linear convergence to a neighborhood)

F@") 2 £(y) + (V@) w* —y) + Sllw* -yl

o* = E[|V £, (w)|]

Theorem (f D)~ ES(L) and pquasi strongly convex

, R
) Ejlu — o < (-l — |+
S,

1

i i =~y < —
Fixed stepsize 7t =7 = e

2 t *
t > max { 2£, 402 } log (g> ‘ E[|lw" — w*|] <.
TR BT T

)

sawves time for theorists: Includes GD and

SGD as special cases. Also tighter!



Proof is SUPER EASY:
|l —w*3 = [Jw'—w* =V (w3
F—w*||3 = 29(V fo(w'), w' —w*) +7*||V fu(w")]]5.

=l

Taking expectation with respect to v ~ D E[V fo(w)] = Vf(w)

E, [|lw™ —wr5] = |lw’ = w5 = 29(Vf(w'), 0" —w*) + 7B, [[[Vfo(w")][3]
quasi strong conv. < (1 —yp)|w’ — w*[5 = 2y(f(w") = f(w")) +V*Eo ||V fu (w")]2]

< (1 =yp)|lw' — w3 +2y(2vL = 1) (f(w) — f(w*)) + 27707

1
< — 2 2 2
K 2L S (1 o /YI’L)Hwt o w*||2 + 27 o Lemmal(f.D) ~ ES(L)
Taking total expectation E(IV . (w)I?] < 4£(f(w) — f(w")) + 20

E[|Jw™* —w*|3] < (1 —yp)E|[||w" —w*[3] + 27%c?
= (1 =y —w* |2+ 23 (1 — yu)in2e?

* 2 O'2 — —
(1_7N)t+1|’w0_w H%"‘ fy,u Z(l—'y,u)izl o) Si

IA




Stochastic Gradient Descent
vy =0.01
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Stochastic Gradient Descent
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Total complexity for mini-batch SGD

1 e
7=ma"{z’ H}

Corollary

2 t ok
peoen c Jw® —w] =




Total complexity for mini-batch SGD

EJwt —w'll] _
0 * —
[w® — w*|]




Total complexity for mini-batch SGD

EJwt —w'll] _
0 * —
[w® — w*|]




Total complexity for mini-batch SGD

2L 402 92
nw o e €

;) = J




Total complexity for mini-batch SGD

2L 4023 2 o
C (b) ‘— max { , o >> lOg <_> < b #stochastic gradient

v € Iu2 J € evaluation in 1 iteration

1 e

Corollary {z i)
2 t *
2l {217 Yoy (2) ) Elv-wl
[T €

lw® —w*| —

‘ Total complexity is a simple
function of mini-batch size b
o2 — o2




Optimal mini-batch size

o1 =5 Y IVFi(w)|?
=1

2
X log (—
€

= 2 max § n(b — n — 2(n = b)o,
(1) = 2w {0 = DL+ (0= D), L2072
c(h)

—
S
S



Optimal mini-batch size

o1 =5 Y IVFi(w)|?
=1

X log
2 2(n — b)o?
C(b) := max {n(b — 1)L + (n — b) Lynax, (n = b)o; }
p(n—1) - g _ €
Linearly increasing
C(b)
@
y N
2L 1nax
14

2



Optimal mini-batch size g
2(n —b) \ ¥
C(b) := ) max {n(b — 1)L+ (n — b)Lax, u }

~ U EILL J
—~~ '

Linearly increasing Linearly decreasing

C(b)
2nL

2
4o

€p

2Lmax

— W



Optimal mini-batch size g
2(n —b) \ ¥
C(b) := ) max {n(b — 1)L+ (n — b)Lax, u }

~ U EILL J
—~~ '

Linearly increasing Linearly decreasing

2nL

2Lmax




Optimal mini-batch size

o1 =5 Y IVFi(w)|?
i=1

2
X log (—)
€

2 2(n — b)o?
C'(b) := Tha n(b— 1)L + (n — b) Liax, ( )
lu‘(n o ) ~— — E’g 7/
Linearly increasing Linearly decreasing
By n—1 b beu
v(b) = o mm n(b— 1)L + (n — b) Lypax 2(n — b)o2 Stepsize increases with b
C(v)
2nL
H 1 o
402 2L
2
K % : (742< .GNJ 2.10-3}
2L max : nL — Lyax + % ’ Uﬂ2< §
% : @ 1.1073}
1
1
1
& 3.106 | ,
1 n=53500
1 b* no b mini-batch size



Optimal mini-batch size for models
that interpolate data o =22 Ivs@)IF =0

2 2(n — b)o?

C'(b) := max {n(b — 1)L + (n — b) Lynax,

p(n —1) €Ll



Optimal mini-batch size for models
that interpolate data o =22 Ivs@)IF =0

0

C(b) := M(nQ_ 5 max {n(b — 1)L + (n — b) Limax, W



Optimal mini-batch size for models
that interpolate data o =22 Ivs@)IF =0

0

2 20 b)o?

C(b) := max {n(b — 1)L+ (n — b)Liax, »

p(n —1)

2
— ,u('n, — 1) (n(b — 1)L + (’n — b)Lmax)




Optimal mini-batch size for models
that interpolate data o =22 Ivs@)IF =0

0
N 9 i - 2 b)o?
cb):= pn—1) {n(b DL (7= b) Emas, €yl
2
— ’u(n — 1) (n(b — 1)L + (’n — b)Lmax)
n—1 b

’Y(b) . 2 TL(b o 1)L =+ (TL _ b)LmaX



Optimal mini-batch size for models
that interpolate data o =22 Ivs@)IF =0

0 X log (%
2 2 b)o? }
C'(b) := max{nb—1L+ n —b)Lax, a
() = gy max (b~ DL+ (n—b) w
2
— n(b— 1)L + (n —b)Lyax
u(n—l)(\( ) Jf ) ,)
Linearly increasing
increases with b
n—1 b
0= [

b =1 J




Optimal mini-batch size for models
that interpolate data o =22 Ivs@)IF =0

; EWE
C(b) p— Iu(nQ_ 1) max {n(b — 1)L + (TL . b)LmaX, 2 E—Iub)O'* }
2
B ,u(n — 1) (\n(b - 1)L + (n o b)Lmai)

——
Linearly increasing

increases with b

n—1 b
v(b) = 2 nb—1)L+ (n—0b)Lnax l’

All gains in mini-batching are due to b* =1
multi-threading and cache memory?
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Learning schedule: Constant &
decreasing step sizes

Theorem (f,D)~ ES(L) and p—quasi strongly convex

Ve = $

(1
— <
oOF for t<A4[L/ ]
2t + 1
f 4
D% or t>4[L/ ]




Learning schedule: Constant &
decreasing step sizes

Theorem (f,D)~ ES(L) and p—quasi strongly convex

(1
- for t<4[L/ ]
Learning rate Y = { 2L
. . : - 2t + 1
with switch point i 5 for t > 4|_£/ ,LL]
L (t+1)%u




Learning schedule: Constant &
decreasing step sizes

Theorem (f,D)~ ES(L) and p—quasi strongly convex

Learning rate
with switch point

Ve = $

(1
2L
2t + 1

(T +1)2u

for t<A4[L/ ]

for t>4[L/ |

|

A stochastic
condition number

/




Learning schedule: Constant &
decreasing step sizes

Theorem (f,D)~ ES(L) and p—quasi strongly convex )
(1
— for t<A4[L/ ] _
Learning rate = ¢ 2L A stochastic
: : : - 2% + 1 condition number
with switch point + _ for t> 4’— r / ,LL]
((E+1)%p

! |

g2 = E[||va(7~U*)||2]

2 o 08  16[L/pl? ;
EHwt —w H2 < PZ -+ 2 ”wo —w ||2 /

for t > 4| L/ p]
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Stochastic Gradient Descent with
switch to decreasing stepsizes

Convergence plot
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=
—
E
=
=
v
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]
[
i
v
[
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7
5 107
0 5000 10000 15000 20000 25000 30000
Switch point #iterations
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Stochastic variance reduced
‘methods



Simple Stochastic Reformulation

Random sampling vector v = (vq,...,v,) € R" with
Elv;] =1, fori=1,...,n

= =Y fiw) = - Y Efeilfitw) = B

What to do about the variance? —. f v (w)

Original finite | Stochastic Reformulation
sum problem

min E [f, (w)]
min — Zfz ” weR?

weRd N Minimizing the expectation of random linear

/ combinations of original function /




Controlled Stochastic Reformulation

%Z fi(w) = E[fy(w)] = E[fo(w)] — E[zo(w)] + E[z(w)]



Controlled Stochastic Reformulation

e

- Z filw) = E[fo(w)] = E[f, (w)] — Elz,(w)] + Elz, (w)




Controlled Stochastic Reformulation

e

— Z fi(w fo(w)] = E[f,(w)] — Elz,(w)] + E[z,, (w)]
= E|f,(w) — z,(w) + E[z, (w)]]




Controlled Stochastic Reformulation

covariate Zy (w) cR Cancel out

%Z fi(w) = Elf,(w)] = E[fo(w)] — B[z, (w)] + E[z,(w)]

E[f.(w) — 20(w) + Elz, (w)]]

Original finite
sum problem

. min E[f,(w) — 2,(w) + Elz,(w)]]
mlSie

Use covariates to control the variance

/ /

Controlled Stochastic Reformulation




Variance reduction with
arbitrary sampling

min E[f, (w) — 2, (w) + E[z,(w)]]

wERI



Variance reduction with
arbitrary sampling

min E[f, (w) — 2, (w) + E[z,(w)]]

wERI

Sample v' ~ D J

t+1

w ™ = w' = gy (w')




Variance reduction with
arbitrary sampling

min E[f,(w) — z,(w) + E[z, (w)]]

wERA

Sample v' ~ D J

H =t~ gy (w)

_

w




Variance reduction with
arbitrary sampling

min E[f,(w) — z,(w) + E[z, (w)]]

wERA

Sample v' ~ D

H =t~ gy (w)

_

w




Variance reduction with
arbitrary sampling

min E[f,(w) — z,(w) + E[z, (w)]]

wERA

Sample v' ~ D

W = w' — g, ()

S~———

/
/
Ve
Ve
Ve
Ve
/
A
£




Choosing the covariate

Sample v’ ~ D
W = — g, ()




Choosing the covariate

Sample v’ ~ D
,wt-l—l _ ,wt — Vi Gyt (wt)

We would like: go(w) =~ Vf(w)




Choosing the covariate

Sample v' ~ D
,wt—l—l _ ,wt — Vi Gyt (wt)
We would like: go(w) = ‘ Vz,(w) ~ (w)




Choosing the covariate

Sample v' ~ D ]
witt = w — g, (W) == Vi (w) = Vz,(w) + E[Vz, (w)]

I |

We would like: gu(w) =~ V f(w) ‘ Vi, (w) = Vf,(w)

Linear approximation

zo(w) = fo(W0) + (Vfo(), w — )

J

A reference point/ snap shot



SVRG: Stochastic Variance Reduced
G ra d ie ntS .Z Johnson & Zhang, 2013 NIPS

Gar L

w' T = w' — g, (w') J

Reference pointJ W E R4

Sample J Vfi(wt), i € {1,...,n} uniformly

Grad. estimate J gyt (wt) =V fi (wt) — Vi (’LTJ) + Vf(?f))




SVRG: Stochastic Variance Reduced
G ra d ie ntS .2 Johnson & Zhang, 2013 NIPS

t+1 t t
w't =W’ — VGt (W) J ; :
Single element sampling
_Jn g =1
Reference pointJ w E ]Rd v = 0 j#i

Sample J Vi), i€{l,...,n} uniformly

Grad. estimate J gyt (wt) = sz (wt) — sz (’LTJ) i Vf(?f))




SVRG: Stochastic Variance Reduced
G ra d ie ntS .2 Johnson & Zhang, 2013 NIPS

w ™t = w' — 39, (W) J

Single element sampling

_Jn g =1
Reference pointJ W € R Vi = {() j £

Sample J Vi), i€{l,...,n} uniformly

Grad. estimate J gyt (wt) = sz (wt) — sz (’LTJ) i Vf(?f))

Ve (wh) = V fi (D)



SVRG: Stochastic Variance Reduced
G ra d ie ntS .2 Johnson & Zhang, 2013 NIPS

w ™t = w' — 39, (W) J

Single element sampling

_fn g=
Reference pointJ W € R Vi = {() j £

Sample J Vi), i€{l,...,n} uniformly

Grad. estimate J gyt (wt) = sz (wt) — sz (’LTJ) i Vf(?f))

zpt(w) = fi(w) + (V fi(w),w — w - Vzu (wh) = Vf; (@



SVRG: Stochastic Variance Reduced
G ra d ie ntS .2 Johnson & Zhang, 2013 NIPS

w ™t = w' — 39, (W) J

Single element sampling

_fn g=
Reference pointJ W € R Vi = {() j £

Sample J Vi), i€{l,...,n} uniformly

Grad. estimate J gyt (wt) = sz (wt) — sz (’LTJ) i Vf(?f))

() = (@) + (V5:(0), 0 - &) (@ Wa(wh) = V(@) W) EIV= ()] = V5 (0)



SVRG: Stochastic Variance Reduced
Gradients '% Jonhson & Zhang, NIPS 2013

Set w' = 0, choose v > 0,m € N,
ap >0for k=0,...,m—1

w’ = w'

fort=0,1,2,.... 7 —1
calculate V f(w?)
for k=0,1,2,...,m—1
sample ¢ € {1,...,n}
gkkz Vfi(w*) = V fi(@") + V f (@)
+1 _ wk ,ng

~t41
w Zk 0 apw"

Output w!

21 AAAAA Sebbouh, Gazagnadou, Jelassi, Bach, Gower, 2019




SVRG: Stochastic Variance Reduced
Gradients '% Jonhson & Zhang, NIPS 2013

Set w' = 0, choose v > 0,m € N,
ap >0for k=0,...,m—1

wY = w’
fort=0,1,2,...,7 -1
Calculate v f (?Ijt) Freeze reference point

for m iterations

for k=0,1,2,...,m—1
sample ¢ € {1,...,n}
g*" = Vfi(w") = Vfi(a') + V f(@")

kl k k
+ =w” —7g

~t41
w Zk 0 apw"

Output w!

21 AAAAA Sebbouh, Gazagnadou, Jelassi, Bach, Gower, 2019




SVRG: Stochastic Variance Reduced
Gradients '% Jonhson & Zhang, NIPS 2013

Set w' = 0, choose v > 0,m € N,
ap >0for k=0,...,m—1

wY = w’
fort=0,1,2,...,7 -1
Calculate v f (?Ijt) Freeze reference point

for m iterations
for k=0,1,2,....,m—1 o
sample ¢ € {1,...,n}
= Vfi(w*) — Vfi(w') + V f(w!)
wk—l—l wk ,.ng
?Ijt—l_l Zk 0 QL w Weighted average of

- inner iterates
Output w!

L AAAAA Sebbouh, Gazagnadou, Jelassi, Bach, Gower, 2019




SAGA: Stochastic Average Gradient

ni Defazio, Bach, & Lacoste-Julien, 2014 NIPs Sing]e element Samp]ing

n o J=1

t+1 t ( Uj:{o Y
W =t ') | i*

Sample J V f; (wt), 1 € {1, .. ,n} uniformly

Grad. estimate J

gor (w') = V fi(w') = Vfi(w") + 2 Z Vfi(w

Store grad. J sz (wtz) = Vf@ (wt)




SAGA: Stochastic Average Gradient

'i Defazio, Bach, & Lacoste-Julien, 2014 NIPs Slngle element Samp]ing

n o J=1

t+1 t ( Uj:{o Y
W =t ') | i*

Sample J V f; (wt), 1 € {1, . ,n} uniformly

Grad. estimate J

gor (w') = V fi(w') = Vfi(w") + 2 Z Vfi(w

Vz,i(w') = V fi(w")

Store grad. J sz (wt7’> = Vf@ (wt)




SAGA: Stochastic Average Gradient

ni Defazio, Bach, & Lacoste-Julien, 2014 NIPs Sing]e element Samp]ing

n o J=1

t+1 t ( Uj:{o Y
W =t ') | i*

Sample J V f; (wt), 1 € {1, .. ,n} uniformly

Grad. estimate J

gor (w') = V fi(w') = Vfi(w") + 2 Z Vfi(w

zot(w) = fi(w") +(V Jw — w" _ Vzy(w') =V fi(w")

Store grad. J sz (wtz) = Vf@ (wt)




SAGA: Stochastic Average Gradient

ni Defazio, Bach, & Lacoste-Julien, 2014 NIPs Sing]e element Samp]ing

n o J=1

t+1 t ( Uj:{o Y
W =t ') | i*

Sample J V f; (wt), 1 € {1, .. ,n} uniformly

Grad. estimate J

gor (w') = V fi(w') = Vfi(w") + 2 Z Vfi(w

Zyt (’(U) = fi ( ) ‘|‘ , W — w' - VZU vfz ) E[Vzvt (wt)]

Store grad. J sz (wtz) = Vf@ (wt)




SAGA: Stochastic Average Gradient

Set w = 0,9, = Vf;(w?), fori=1...,n
Choose v > 0
fort=0,1,2,..., 7T —1
sample 1 € {1,...,n}
9" =Vfi(w") —gi+ 5 3195
wttl = wt — gt
g9i = Vfi(w")
Output w’

“ No inner loop, rolling update ,. Stores a d X nmmatrix



Complexity of Variance Reduced



Iteration complexity for SVRG and
SAGA for arbitrary sampling

Theorem for SVRG (f,D) ~ ES(L) and p—strongly convex

1 . . L 1
= [teration complexity ~ O | —log | —

stepsize v <

lize. Sebbouh, Gazagnadou, Jelassi, Bach, G., 2019
AAAAA




Iteration complexity for SVRG and
SAGA for arbitrary sampling

Theorem for SVRG (f,D) ~ ES(L) and pu—strongly convex

1 1
stepsize ¥ < — Iteration complexity =~ O £ log | —
6L L4 €

)

1 Sebbouh, Gazagnadou, Jelassi, Bach, G., 2019
Adobe

Theorem for SAGA (and the JacSketch family of methods)
(f,D) ~ ES(L) and p—quasi strongly convex

) a
1 : . C 1
stepsize v < AL [teration complexity =~ O ﬁlog -
/

"F_ G, Bach, Richtarik, 2018
7 hdobe




Iteration complexity for SVRG and
SAGA for arbitrary sampling

Theorem for SVRG (f,D) ~ ES(L) and pu—strongly convex

1 1
stepsize ¥ < — Iteration complexity =~ O é log | —
6L L4 €

)

ﬂ Sebbouh, Gazagnadou, Jelassi, Bach, G., 2019
Adobe

Missing details due to extra definitions

Theorem for SAGA (and the JacSketch family of methods)
(f,D) ~ ES(L) and p—quasi strongly convex

) a
1 . . C 1
stepsize v < AL [teration complexity =~ O ﬁlog -
/

"F_ G, Bach, Richtarik, 2018
7 hdobe




Total Complexity of mini-batch
SV RG ﬁ%, Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

2
X log (—)
€

n 3n—0bL Inb—11L
— 2(_ 2) e max |
C'(b) + 2b maX{bn T + - 1_M m}




Total Complexity of mini-batch
SV RG n%, Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

2
X log (—)
€

_bLmaX b—1 L
(Xw::2(z+2®nmx{§n +3n _ﬂﬁ}

m bn—1 pu bn—1u
S— g
Non-linearly increasing

1 b(n —1)
T 6('n’_b)Lmax‘l‘n(b— l)L




Total Complexity of mini-batch
SV RG ﬁ%, Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

1 Linearly decreasing
N\ r

L\xlog(

n
C(b) = 2 (— 2b) 2 =y
(b) m—l_ maX{bn—l 1 —I_bn—l,um}
Non-linearly increasing

1 bin—1)
776 (= b) L + (0 — 1)L

2

€

)



Total Complexity of mini-batch
SVRG

Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

L\xlog(

Y Linearly decreasing i
3n—0Lmax 3nb—10L
C'(b) = Q(E—I—Qb) max { -~ " —,m
m bn—1 pu bn—1u
Non-linearly increasing

1 bin—1)
7T 6 (1 — 0) Lax - 1(b — 1)L

210F

total complexity

mini-batch size

2

€

)



Total Complexity of mini-batch

SVRG L%

Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

L\xlog(

Y Linearly decreasing i
= Q(E—I—Qb)max 2r + n —.m
m bn—1 pu bn—1u

——
Non-linearly increasing

bin—1)

1
7T 6 (1 — 0) Lax - 1(b — 1)L

210F

total complexity

& g 10

2 L 4
b™ mini-batch size

2

€

)



Total Complexity of mini-batch
SV RG .IZT Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

1 Linearly decreasing | xlog (2)
r N r €
n 3n—>bL nb—11L
C'(b) = 2(——|—2b) max § — — 4 —.m
m bn—1 pu bn—1u
— I
Non-linearly increasing
1 bin—1)
v = G (7 — D) Lo + (b — DL Stepsize increasing with b
3200' 3.1073¢
E 190 f
a
£ 180 © 21073}
S -
g 7 : !;; @ 11073

« 4 . 1 N=53500
b™ mini-batch size mini-batch size



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

b—14L — b 4Ly ax — b 4Lpax
C(b) = max {n - + - }

’
2

x log (—)
€

n1p n—1 p n—1 p

N = 1 b(n —1)
C'(b) ! max {n(b — 1)L+ (n — b)Lymax, (N — b) Lipax + n(n ; 1)#}
n . :



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

C(b) = max<n + y N
n—1pu n—1 pu n—1 p )
- J x log (E)

Linearly increasing

1 b(n—1)
T n(n—1)u
C(b) max {n(b - 1)L + (TL - b)LmaX7 (n - b)Lmax + 1 }
2n L
»
L4
n
4 Lax
(4
n = .



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

b—14L n—b4Lmax n — b 4Lmax
C'(b) = max<n + , o+
n—1 u n—1 pu n—1 u ,
~ ~— - ()
Linearly increasing Linearly decreasing
1 b(n—1)
7T n(n—1)u
C'(b) max {n(b — 1)L+ (n — b)Lymax, (N — b) Lipax + 1 }
nL
L4
4Lmax
n -+
L
4L ax
L4
n m .



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

b—14L —b4L 1ax — b 4L ax
C(b)zmax{n —|—n n-l-n }

n—1pu n—1 pu n—1 pu ;
S~ N , xlog (—)
Y ~" €
Linearly increasing Linearly decreasing
1 b(n—1)
T n(n—1)u
C(b) max {n(b - 1)L + (TL - b)LmaX7 (n - b)Lmax + 1 }
2nL
H . p(n —1)
b = |1
4Lmax L T 4], J
n +
{4
4L ax !
p :
n i
b



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

b—14L —b4L 1ax — b 4L ax
be)ZJnax{n, +—n n%-n }

n—1u n—-1 pn ’ n—1 pu ,
L - L -y X 10g (—)
—_— — .
Linearly increasing Linearly decreasing
1 b(n—1)
7T n(n—1)u
C'(b) max {n(b — 1)L+ (n — b)Lymax, (N — b) Lipax + 1 }
2nL
1 . p(n —1)
b = |1
4L max L RY? J
n +
L
4 Lmax : Always smaller
] : than 25% of data
n i
b



Total Complexity of mini-batch
SAGA

l
21080t == bempirical = 16384 |
e AL I
O 1[]5_9
= |
8 |
1058 |
o
S |
Z 1057t I
3 |
S 1056 :
-

Q
1055

~ 1 > 2 0. > D L6 xS 5 o
> ""F ".’:53 ﬂ?q;?-? E}c;?
mini-batch size



Total Complexity of mini-batch
SAGA

So accurate, close to empirical best mini-batch size

i
210801 == bEmpifiEa| =16384 |
) bt =11+ pn—1) I
= 41 |
o 1D5_9
z |
8 |
— 1058 :
o
S |
X 1057 |
S l
E 105-5 :
-
a
1055

“;’Lh-fbh*‘bh'fblh > © R o
O Y @ AR5 ¢ ) ® %
~ N ..,F b?l ﬂ.ﬁ:'(b E}‘;j

mini-batch size



Take home message

Stochastic reformulations allow - E f 1 Zn:“' £ ()
to view all variants as simple SGD weR =
To analyse all forms of sampling E[|[V £, (w Hz] < L (fw) - f(w")
used through expected smooth e
How to calculate optimal mini-batch
size of SGD, SAGA and SVRG

Stepsize increase by orders when
mini-batch size increases




Take home message

Stochastic reformulations allow

to view all variants as simple SGD

E[|[V fu(w Hz] < L (f(w) = f(w?))
~ ES(L)

To analyse all forms of sampling

used through expected smooth

How to calculate optimal mini-batch
size of SGD, SAGA and SVRG

| I N NS

Stepsize increase by orders when
mini-batch size increases

step size
= [t

33333333

n=53500
mini-batch size



RMG, Nicolas Loizou, Xun Qian, Alibek Sailanbayey,
Egor Shulgin and Peter Richtarik (2019), ICML
SGD: general analysis and improved rates

RMG, P. Richtarik, F. Bach (2018), preprint online
Stochastic quasi-gradient methods: Variance
reduction via Jacobian sketching

N. Gazagnadou, RMG, J. Salmon (2019) , ICML 2019.
Optimal mini-batch and step sizes for SAGA

O. Sebbouh, N. Gazagnadou, S. Jelassi, F. Bach, RMG
(2019), preprint online. Towards closing the gap
between the theory and practice of SVRG




Optimal mini-batch size

Logistic regression

10
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= 104
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© -
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n =4912, d =300, A\ =100/n, e =10, 7 =n/5

singletons

T-ind

2633 = 7" - ind
T-nice

2633 = 7* - nice

tree
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Learning rate schedules



M alin Th eorem (Linear convergence to a neighborhood)

o* = E[|V £, (w)|]

Theorem (f D)~ ES(L) and pquasi strongly convex

, R
) Eju — o < (10—l — |+
S,

1

i i =~y < —
Fixed stepsize 7t =7 = e

2 t *
t > max{zﬁ, 402}10g <g> ‘ E[|lw" — w*|] <.
TR BT T

)

sawves time for theorists: Includes GD and

SGD as special cases. Also tighter!
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