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The Problem
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i=1

+ Each f; is strongly convex and twice continuously differentiable.

* Far more data samples than features n > d, access through subsampling
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Variable Metric Methgad

th f(’wt) '

Wi41 = Wt — nH gy

stepsize Elg:] = V f(w;)
Exe: ¢ Newton’s Method

wiy1 = wy — NV f(we) TV f (wy)
* Steepest descent
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* Stochastic gradient descent (SGD)

w1 = wy — NV fs(wy)
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Variable Metric Methgad

Ht ~ V2f(wt)_1

Wi41 = Wt — nH gy

stepsize Elg:] = Vf(wy)
Exe: ¢ Newton’s Method
Wiyl = Wy — UVQf(wt)_lvf(wt)

* Steepest descent
w1 = wy — NV f(wy)
* Stochastic gradient descent (SGD) g;‘:sltlsjr::?(;nhg\éfvetftiv o
wip1 = wy — NV fs(wy) H; that is cheap to
* SAG, SVRG, S2GD, ...etc ety



Stochastic Second order
Methods

H, is directly estimated from V?fr(z;)
+ Low rank decomposition (Agarwal, Bullins and Hazan 2016)
¢+ SVD decomposition ( Erdogdu and Montanari 2015)
¢ Sketching full Hessian (Pilanci and Wainwright 2015)

H; is updated using the (L)BFGS update
* (Schraudolph, Yu and Gunter 2007)
+ (Mokhtari and Ribeiro 2014, 2015)

+ (Byrd, Hansen, Nocedal and Singer 2015)
(MNJ Moritz, Nishihara, Jordan 2016)
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Hesslan Sketching

Fact: Calculating a directional derivative of the gradient is cheap

V2 fr(zy)v = %VfT(:ct + av)

a=0

Ideally F/, should satisfy the inverse equation
2
HtV fT ($t) =1

Solving the sketched inverse equation is easier

Htv2fT($t)Dt — Dt



Hesslan Sketching
This can be computed at a cost
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Hesslan Sketching
This can be computed at a cost

Fact: Calculating a directional derivative of the of O(eval(fr(z)) with
Automatic Differentiation.
d

V2 fr(zy)v = %VfT(:ct + av)

a=0

Ideally F/, should satisfy the inverse equation
2
HtV fT (CEt) =1

Solving the sketched inverse equation is easier
Cost of evaluating

5 B V2 fr(zp)D, s
H:YV fT(CEt)Dt = Dy qxO(eval( fr(x))

D, e R¥™ g < d



Block BFGS: Least change

formulation

iy =aug | H — Hy—][;

subject to HVQfT(xt)Dt —D,, H=H'

where ||H||? < Tr (HV? fr () HTV? fr(zy)) .

The constraint serves as a fidelity term, enforcing
that a sketch of the inverse equation be satisfied

The objectives serves as a regularizor,
enforcing a low rank update

Goldfarb, D. (1970). A Family of Variable-Metric Methods Derived
by Variational Means. Mathematics of Computation, 24(109), 23.
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Block BFGS: Random update
formulation

Cost of update:
2
H, = DyA DY Ol > g)

+ (I — D:AYE) Hyy (I - Y2A,DY),

where Y; = szT(ZEt)Dt and Ay = (D;Ern)_l

RMG and Peter Richtarik (2016). Randomized quasi-Newton
v updates are linearly convergent matrix inversion algorithms.
arXiv:1602.01768




Stochastic Block BFGS
Method

Initialize H_; = I, wy € R?, stepsize n > 0
Fort=20,1,...,
1 Calculate g;
2. Sample T; C |n], independently
3. Form D, € R%x4
4. Compute sketch Y; = V? fr, (w¢)D
5. Hy = D;A;D}
+ (I — DtAthT) Hy 1 (I —YiALDy)
6. diy = Higy
7. Wip1 = wy — ndy
Output w1
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Stochastic Block BFGS
Method

Initialize H_; = I, wy € R?, stepsize n > 0
Fort=20,1,...,

1 Calculate g;

2. Sample T; C |n], independently

3. Form D, € R%x4

4. Compute sketch Y; = V2 fr, (w;)D

5

Ht — DtAtD;F
+ (I — DtAthT) Hy 1 (I —YiALDy)
0. dt = Htgt

7 wt_|_1 = Wt — 7’]dt
Output w;yq

How to choose Dt? Do we need to store /{1,



Choosing the sketch matrix
HtVZfT(wt)Dt = Dy

We employ one of three strategies
sgauss: D; ~ N(0,1) has Gaussian entries samplied i.i.d
at each iteration
+prev (previous search directions delayed) : Let d; = Hyg;.
Store g previous search directions Dy = |dy—q, ..., di—1],
update H; once every q iterations

+fact (factorized self-conditioning) : Sample the columns of

a factored form L; of Hy (i.e. L, L] = H;) uniformly at random.

Fortunately we can maintain and update L; efficiently.



Limited Memory Block BFGS

Expanding M € N block BFGS updates gives
Hy= (I — D:AY,") Hi—y (I — Y:A:Dy) + DyADY

=FUNCTION (H—pr, D, Y, Aty ooy Dy Yer1—m, Dvt1— 1)
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Limited Memory Block BFGS

Expanding M € N block BFGS updates gives
Hy= (I — D:AY,") Hi—y (I — Y:A:Dy) + DyADY

=FUNCTION (@7 Dt7 Y,t7 Ata SR Dt+1—M7 Yt—f—l—M) At—i—l—M)
=FUNCTION (D¢, Y, A¢, ..., Dipi—nr, Yie1—m, Depi—nr)

H; is a function of Hyy1_py and (Dyy1—g, Yer1—i, D¢y1—4) fori=1,... M

To simplify Hy_pr = 1



Limited Memory Block BFGS

Store the M block triples

(Dt7 l/757 At) g o0y (Dt—l—l—Ma Y;f—l—l—Ma At—l—l—M)



Limited Memory Block BFGS

Store the M block triples Store M (2qd + ¢*) doubles

(Dt7 l/757 At) g o0y (Dt—l—l—Ma Y;f—l—l—Ma At—l—l—M)



Limited Memory Block BFGS

Store the M block triples Store M (2qd + ¢*) doubles
(De, Ye, A¢) oo s (Dpr =ty Yer1—, Dep1— 1)

Calculate Htgt using the following algorithm

Two-loop recursion
inputs ¢, € R4, D;,Y; € R¥*? and A; € R7*¢
Fori:=¢t,....t—M+1

O < AZD?U

v+ v— Y0
Fori1=t—M+1.,....,t

Bi + AY o

v v+ Di(Oéi - 52) Costs Mq(4d + 2q) to apply
output H;g; < v



Stochastic Block BFGS
Method

Initialize H_; = I, wy € R?, stepsize n > 0
Fort=20,1,...,

1. Calculate g; Using SVRG

2. Sample T; C [n|, independently

3. Form D, € R%x4

4. Compute sketch Y; = V2 fr(w;)D;

5. dy = Higy Two-loop recursion
0. Wt41 — Wt — ndt

Output w1

7 Full Algorithm



Stochastic Block BFGS
Method

Initialize H_; = I,wy € R?, stepsize n > 0
Fort=20,1,...,
1. Compute p = V f(wy)
2. Set xg = wy
For £t =0,1,.... m—1
Sample Sk, T C [n], independently
gk = Vs, (xx) =V fs, (wi) +
Form D) € R*X4
Tr+1 = Tk — NHrgg
Option I: Set w11 = 4,
Option I: Set w;y11 = x;, where 7 is selected uniformly
at random from m| ={1,2,...,m}
Output wyiq

e B

7 Back



Experiments




Logistic regression with L2
regularizer

Test problem

min » In (1 + exp(—y;a’, w)) + —[wl[3,
=1

where [a”, ..., a"] € RY™ and y € {0,1}™ are the given data.

Data taken from LIBSVM



Key to methods

SVRG Johnson Zhang (2013)
MNJ Moritz, Nishihara Jordan (2013)
gauss q M Gaussian elements
fact q M Self-conditioning factorized sampling

prev_q_M Previous search directions delayed
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Key to methods

SVRG Johnson Zhang (2013)
MNJ Moritz, Nishihara Jordan (2013)
gauss q M Gaussian elements
fact q M Self-conditioning factorized sampling
prev_q_M Previous search directions delayed

D, e R™"*14 M € N number of block triples stored



gisette, n= 6,000, d= 5,000
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covtype.binary, n= 581,012, d= 54
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url-combined n = 2,396,130, d = 3,231,961
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Conclusions

+ New metric learning framework. A block BFGS framework for
gradually learning the metric of the underlying function using

sketches of subsampled Hessian matrices

¢+ New limited memory block BFGS method. May also be of interest for

non-stochastic optimization
+ Several matrix sketching possibilities.

+  More reasonable bounds on eigenvalues of H; which lead to more

reasonable conditions for step size, as compared to MNJ

D More Numerics D Convergence results



R. Johnson and T. Zhang (2013).
Accelerating stochastic gradient
descent using predictive variance
reduction. NIPS.

P. Moritz, R. Nishihara and M. |. Jordan
(2016). A Linearly-Convergent

Stochastic L-BFGS Algorithm, AISTATS.

RMG and Peter Richtarik (2016)
Randomized Quasi-Newton Updates
are Linearly Convergent Matrix
Inversion Algorithms
arXiv:1602.01768




Convergence




Assumption
There exists 0 < A < A such that

M < V2 fr(x) < AI
For all x € R? and all T C [n].

Lemma [GGR‘16]
There exists 0 < v < I' such that

~I < H, <TI, Wt

Furthermore

where Kk = A/




Complexity / Convergence

Theorem [GGR‘16]
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Theorem [GGR‘16]
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> 222
M o (A — T2A(2A — ) 1S M EETAY)

Inner iterations
of SVRG



Complexity / Convergence

Theorem [GGR‘16] Step size
It .

> 2 A2
= 9y —nZA2A — ) TS YA/ (2T7A%)

Inner iterations
of SVRG



Complexity / Convergence

Theorem [GGR‘16] Step size
It .

> 222
M o A — nT2A2A — ) 1< M EETAY

E[f(ws) = f(wi)] < p'(f(wo) — f(w.))
Where,

- 1/2mn 4+ n2A(A — N)

<1
& YA — nl'2 A2




Experimental results

error X datapasses
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rcvl-training n = 20,242, d = 47,236
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Experimental results

error X time
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Higgs, n=11,000,000 , d= 28
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epsilon normalized n= 400,000, d=2,000
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Experimental results

parameter exploration




error
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The Stochastic Variance
Reduced Gradient

gy = Vfs(wy) — Vfs(zr) + Vf(rr)

Where x; is a reference point.

Unbiased : Eg|g:] = E[V fs(w:)] — E|V fs(zr)] + V f(zr)
=V f(we) + V f(xr) = Vf(xg)

= Vf (wt) Maintain zj fixed and

iterate in t for m iterations

R. Johnson and T. Zhang (2013). Accelerating stochastic gradient
AAAAA descent using predictive variance reduction. NIPS, 1(3), 1-9.
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