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L Computational graph

Function Evaluation = Computational Graph

m Nodes for Independent variables/node:
Viepn = Xj_pn, fori=1,...,n
m Nodes for Intermediate variables/nodes:
Vi = gb;(Vp(,-)), for i = 1,...,f.
Function Evaluation & ¢ set of elemental functions with

derivatives coded
TIME(eval(f(x))) = O(¢+ n).
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Computing the Gradient: The chain-rule

Set of elemental function = Sums, multiplication and unary

functions.
Vi = Vit vk
Vvi = Vy+Vy
Vi = ViV
Vvi = Vvj v+ v Vg
vi = ¢i(v)

Vvi = Vv ¢i(v)
0o;
Vv, = Z (bV\/j.

Vv
jep(i)

With Vv;, for j € P(i), one can calculate Vv;.
Each j passes on gf"VvJ- to each sucessor i.
J
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O _ 96306
(9X0 - 8V2 (9)(0 +0
Of  O¢s Ops Dby Ign

8X71 o 67\/26V71 Tnavfl

of = Z (weight of path p)

Xi .
p|path from i to £
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Reverse Gradient - Accumulating paths

f(x) = ¢3(d1(x-1), P2(x-1, %))

v =

Z (path weight)

path from i to /¢
Opi _
2 gy
ieS(j)
TIME(V£(x))
= TIME(f(x))

S
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Forward Hessian: McCormick and Jackson 1986

if Vi =V + vk

then v/ = vjf’ + v

if Vi = V-

then v/ = vj-v/+Vy;- Vva + vJ{’ AR VVJ-T
if vi = ¢i(v)

then v/ = Vv -¢/(v)- Vv +j(y)- v/

D% &f)/
v = Z V\/j'avak +Z v

J,keP(i) JeP(i )

Each j, k € P(i) passes on Vv; - % and > icp(i) %’J{' v toi

Compute all gradients + Hessians of predecessors
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L Forward Hessian

Forward Hessian resume

m For each node, store and calculate a n X n matrix.
m Is it necessary to calculate the gradient and Hessian of each
node?

m Gain a deeper understanding on the problem using the graph
of the reverse gradient
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L Forward Hessian

Calculating the Hessian using the computational graph

m Function’s computational graph + ¥; nodes and dependencies
= reverse gradient computational graph.

m Interpret partial derivative on augmented graph: Second order
derivative.

m How best to accumulate all second order derivatives?
Eliminate unnecessary symmetries on augmented graph.
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LHessiam on computational graph

The adjoint variables of the Reverse Gradient satisfy

m Gradient's graph has 2(¢ + n) nodes:
(Vlf,,, ceey Vg) and (\71,,,, ceey Vg).

m node J <— V.

m i € P(Y) iff j € P(i).
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f(x) = sin(x—1)(x-1 + xo0)

op1
0V2 -
0p2 -
0V1 -

Vo1 = X-1 V3 = 1
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f(x) = sin(x—1)(x-1 + xo0)

07, _ . _ o
OV =% = 0\7j
Vo1 = X-1 V3 = 1
Vo = Xo Vo = V3vp
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V3= viwv \771 = \72]. + \71 COS(V,;[)



Calculating Hessian matrices

L Hessian
LHessiam on computational graph

f(x) = sin(x—1)(x-1 + xo0)

0% _ . _ 0%
o 9T oy
_ _ 0P
Chkj - Z . Viia\/jOVk
ies(k)NS()
Vo1 = X-1 V3 = 1
Vo = Xo Vo = V3vp
Vi = sin(v_l) \71 = \73V2
V2:(V71-|-Vo) Vo = »l

Vi = viwv \771 = \72]. + \71 COS(V,;[)
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m Swapped orientation, same weight

0\7/(_87\7/(

dpj 0 _0¢i\ _ Obk _
Z V’@vj - Oy = ki

i€S())
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m Swapped orientation, same weight

dp; 0 _0¢; tolom
- = o= Vi = 5 =Ck
ov,  0v iezsj(j) ov; ov; J

m Nonlinear edges, swapped orientation, same weight
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jestonsg) 00k v
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m Swapped orientation, same weight

dp; 0 _0¢; tolom
- = o= Vi = 5 =Ck
ov,  0v iezsj(j) ov; ov; J

m Nonlinear edges, swapped orientation, same weight

0p; _ 09 _ D%9i Ok
v, Z V'@v@vk N Z V'(?v-@vk T v,
s j j j

ies() i€S(k)NS ()
0*f _
oD Z (Weight of p)

p|path from i to j

Il
0l
X
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Vo = Xo Vo = VW3V
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m Fold mirror graph.
m More symmetry

m Symmetric nonlinear
edges:

k-=»j iff ke--j

Ckj = Cik

O*f

o2, = 2€1-1821C2-1 + C1-1



Calculating Hessian matrices
L Hessian

LHessiam on computational graph

W



sian matrices

LHessiam on computational graph

/Cn?\ N /%k)\
Pf
aX,‘an -

Z Z ( weight of p) G Z ( weight of p).

nonlinear {pl from i to m} {P| from j to k}

edge {m, k}
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Building shortcuts
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CimCmk ,—:@

-

,/'ijEmk
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LNew Reverse Hessian algorithm

Simple example of edge pushing execution

f(x) = (x—2 4+ 1)(x=1 +1)3(x0 + 1)

vi=voo+1
w=v_1+1
vs=v+1
Vg = ViVo
Vg = 3V3
Ve — V4 V5
0?f 0?f
Ox_10xq Ox_20xq
"o O*f
f X 0 Ox_10x_»
X X 0
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LNew Reverse Hessian algorithm

pushing of nonlinear edges

sweeping
pe—

.~

node | RN 27N
Wii Cji 0 —————— 0 1 Wi Cki
\ Wii Gji Cki ’
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L Hessian

LNew Reverse Hessian algorithm

The pseudo-code of edge pushing

Input: x € R",

fori=/,...,1do
Create nonlinear edges if ¢; is nonlinear ;
Push nonlinear edges adjacent to /;

end
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L Hessian

L Comparative tests

Competitor for edge pushing: Graph coloring

m edge_pushing .
m A new framework for Hessian automatic differentiation
RMG & M. P. Mello, 2012
m Benchmark: graph coloring methods

m Efficient Computation of Sparse Hessians Using Coloring and
Automatic Differentiation, A. H. Gebremedhin, A. Pothen, A.
Tarafdar & A. Walther, 2009

m What Color Is Your Jacobian? Graph Coloring for Computing
Derivatives, A. H. Gebremedhin, F. Manne, A. Pothen, 2005
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L Comparative tests

[Sparsity Pattern 1J—{Color Compact

| |

Calculates once Repeat for each x € R"

F(x) F"(x)S

(x

e -._':l:_'::- ¥ ‘ H S
e - TR I|‘I?' g

s e ' A1

E i
- N = ik
E oy g

"o S Bt

k- = T &1 B

!Uses Walther's 2008 algorithm
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L Comparative tests

m Invests a large initial time in 1st run = fast subsequent runs.

m Two different coloring methods with different recoveries: Star
and Acyclic.
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L Comparative tests

Test set chosen from CUTE

n = 50’000.

# colors
Name Pattern Star  Acyclic
cosine B1 3 2
chainwoo B 2 3 3
bc4 B1 3 2
cragglevy B1 3 2
pspdoc B 2 5 3
sconldls B 2 5 3
morebv B 2 5 3
augmlagn | 5 x 5 diagonal blocks 5 5
Iminsurf B5 11 6
brybnd B5 13 7
arwhead arrow 2 2
nondquar arrow + B 1 4 3
sinquad frame + diagonal 3 3
bdgrtic arrow + B 3 8 5
noncvxu?2 irregular 12 7
ncvxbgpl irregular 12 7
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L Comparative tests

Numeric Results edge pushing x Colouring methods

Star Acyclic
Name 1st  2nd 1st 2nd | ep
cosine 9.93 0.16 9.68 2.52 | 0.15
chainwoo 35.07 0.33 33.24  5.08 | 0.30
bc4 10.02  0.25 10.00  2.56 | 0.25
cragglevy 28.17 0.79 28.15  2.60 | 0.48
pspdoc 10.31 0.35 10.27  4.39 | 0.23
sconldls 11.00 0.59 10.97  4.96 | 0.40
morebv 10.36  0.46 10.33  4.49 | 0.35
augmlagn 15.99 0.68 8.36 16.74 | 0.27
Iminsurf 9.30 1.01 9.24  3.89 | 0.35
brybnd 11.87 2.44 11.73 12.63 | 1.68
arwhead 176.50 = 0.16 45.86  0.24 | 0.20
nondquar 166.59 0.18 28.64  2.57 | 0.12
sinquad 606.72  0.26 888.57  1.51 | 0.32
bdgrtic 262.64 1.34 96.87  7.80 | 0.80
noncvxu?2 29.69 1.10 29.27  7.76 | 0.28
ncvxbgpl 13.51 2.42 0.37
Averages | 87.98 0.78] 8208 5.32]041

Variances | 25083.44 0.54 [ 50313.10 19.32 | 0.14
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L com parative tests

Graphical comparison: Star 2nd run versus edge pushing.

cosine | T ' mm edge_pushing

. OO 0-3
chainwoo | e .5 == Star

[T 0.25
bet | o 025

OO OO OO0 0.48

cragglevy

0.79
[T 0.23

pspdoc 0.35

ESg—————

oy | (LTI 0.35
morebV | e 0.46
[ 0.27

augmlagn 0.68

p [T 0.35
Iminsurf 1.01

brybnd

Functions

[ 0.2
arwhead| g .16

o 0.12
nondquar| gy 15

: [T 0.32
sinquad | ey .26

bdqrtic OO OO OO OO O O OO OO OO OO0 0.8

[T 0.28
noncvxu2 11

nevxbap? I 0.57

Time (in seconds)
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L Comparative tests

Summing up

m Graph representation:

m New algorithm.

m New perspective.

m Propagate from known contributions (nonlinear edges).
m Algebraic representation:

m New correctness.

m New algorithms.
m edge_pushing

m Exploits the symmetry and sparsity.

m Promising test results.
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QUESTIONS?

Follow up work:

m Computing the sparsity pattern of Hessians using automatic
differentiation, RMG. and M. P. Mello. , ACM Transactions
on Mathematical Software, 2014.

m High order reverse automatic differentiation with emphasis on
the third order, RMG. and A. L. Gower, Mathematical
Programming, 2014.
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