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Solving the Finite Sum Tralnlng

Problem




Optimization Sum of Terms

A Datum Function

fi(w) =€ (hyw(2"),y") + AR(w)

Zé(hw(xi),yi)—i—/\R(w) — 12
121‘;

Finite Sum Training Problem

) + AR(w))



SGD recap

SGD 0.0 Constant stepsize
Set w® = 0, choose o > 0

for t =0,1,2,.... T —1
sample j € {1,...,n}
wtt = w! — aV f;(w?)

Output w’

™ — w7 = [lw’ —w* = aVfi(w)3

= ' = w3 = 2(V fj(w'), w® — w*) + Z||V f;(w")][3.

Taking expectation with respect to j

Ej [[lw™ —w*|5] = [lw'—w[]f —2({Vf(w"),w’ —w*) + ?E; [[|Vf;(w")]]3]



SGD recap

SGD 0.0 Constant stepsize

for t =0,1,2,.... T —1
sample j € {1,...,

Output w’

Set w® = 0, choose o > 0

n}
wtt = w! —aVf;(w

)

™ — w7 = [lw’ —w* = aVfi(w)3

= |lw" —w*|5 = 2a({V fj(w"), 0" = w*) + &*||V f;(w

Taking expectation with respect to j

Ej ([l —w)f] = [Jw'—w]} - 2a(Vf(w'), 0" —w*) + ZE; |||V f;(

The Problem: This variance
does not converge

Ol

w)| 3]



SGD initially fast, slow later

Convergence plot
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Can we get best of both?

Convergence plot

— S5GD withoutreplace
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— SAG
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Stochastic variance reduced
‘methods



Build an Estimate of the Gradient

Instead of using directly V f;(w') ~ V f(w’
= Use Vf; (w") to update estimate g, ~ Vf(w")

10



Build an Estimate of the Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ ~ Vf(w')

. S vgt
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Build an Estimate of the Gradient

Instead of using directly V f;(w') ~ V f(w’
= Use Vf;(w") to update estimate g; ~ V f(w')

t+1

w =w' — g’

We would like gradient estimate such that:

Similar gt ~ vf(wt)
2
o Blg; o0

wt—w*

12
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Build an Estimate of the Gradient

Instead of using directly V f;(w') ~ V f(w’
= Use Vf;(w") to update estimate g; ~ VoiwsR =

wttl = wt — gt
Typically unbiased
We would like gradient estimate such that: Elg'] = Vf(w')
Similar gt ~ vf(wt)

t112
Coil;llvzrgges El |g | |2 j O
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Build an Estimate of the Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ =~V )y =

witl = wt — ~gt
Typically unbiased
We would like gradient estimate such that: Elg'] = Vf(w')
Similar gt ~ vf(wt)
Solves problem of
oy — 0
t— 00

t112
Coil;llvzrgges El |g | |2 j O



Controlled Stochastic Reformulation

Covariate functions:
ziow — zi(w) € R, fori=1,..., n

% D> filw) = E[fi(w)] = E[fi(w)] - Elzi(w)] + Elz:(w)]

1~ =
n

15
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Controlled Stochastic Reformulation

Covariate functions:
ziow — zi(w) € R, fori=1,..., n

Cancel out

% D> filw) = E[fi(w)] = E[fi(w)] - Elzi(w)] + Elz:(w)]

1~ =
n
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Controlled Stochastic Reformulation

Covariate functions:
zitw — zi(w) € R, fori=1,..., n

Cancel out

% D> filw) = E[fi(w)] = E[fi(w)] - Elzi(w)] + Elz:(w)]

n
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Controlled Stochastic Reformulation

Covariate functions:
zitw — zi(w) € R, fori=1,...,n

Cancel out

% D> filw) = E[fi(w)] = E[fi(w)] - Elzi(w)] + Elz:(w)]

n

Original finite Controlled Stochastic Reformulation
sum problem

ﬁ%ﬁ;fﬁ'(w)

/ Use covariates to control the variance /

min B[ f;(w) = 2:(w) + Elzi(w)]]




Variance reduction as SGD

uI)Iéi]R?d E [fz(w) — zi(w) + E[zz(w)ﬂ
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Variance reduction as SGD

: 1

weERI

Sample 7 ~ %
Wt = wt — g, (u')

20



Variance reduction as SGD

: 1

weERA

Sample 7 ~ %
Wt = w — g, ()

_
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Variance reduction as SGD

: 1

weRI

Sample 7 ~ %
Wt = w — g, ()

_
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Variance reduction as SGD

weR4
Sample 7 ~ %
Wt = w — g, (w)
How to choose zz(w)J
—

/
/
/
/
/
Ve
/
/s
4
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Choosing the covariate as a
linear approximation

Sample ¢ ~ %
W = — g, (u')
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Choosing the covariate as a
linear approximation

Sample ¢ ~ %
W™ = w' — yg;(w')

We would like: gi(w) = V f(w)
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Choosing the covariate as a
linear approximation

Sample ¢ ~ %
W™ = w' — yg;(w')

Wovldtie:gi(w) ~ Vf(w) W) Valw) ~ V()




Choosing the covariate as a
linear approximation

Sample ¢ ~ % ]

,wt—l—l

We would like: gz(’w) ~ Vf(’w) ‘ VZZ(UJ) ~

Linear approximation around w

zi(w) = fi(w) + (V fi(w), w — w)

J

A reference point/ snap shot

= w' —ygi(w") = Vfi(w) — Vai(w) + E[Vz;(w)
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SVRG: Stochastic Variance reduced
method gradient |k smsnsmene 2isues

t+1

W™ = w' — g (w') J

Reference pointJ W E R4

Sample J Vfi(w'), 1iid sample with prob &

Grad. estimate J gi (wt) =V fi (wt) — Vfi (”LD) + Vf(f(b)

It’s unbiased

because:



SVRG: Stochastic Variance reduced
method gradient |k smsnsmene 2isues

t+1

w = w' — yg;(w") J

Reference pointJ W E R4

Sample J Vfi(w'), 1iid sample with prob &

Grad. estimate J gi (wt) =V fi (wt) — Vfi (”LD) + Vf(f(b)

It’s unbiased Elgi(w)] = E[V fi(w)] — E[V fi(w)] + V f(w0)

because:

29
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SVRG: Stochastic Variance reduced
method gradient |k smsnsmene 2isues

t+1

w = w' — yg;(w") J

Reference pointJ W E R4

Sample J Vfi(w'), 1iid sample with prob &

Grad. estimate J gi (wt) — sz (wt) — sz (”LD) + Vf(f(b)

It’s unbiased Elgi(w)] = E[V fi(w)] — E[V f;(@0)] + V f(w)
because: = Vf(w)—Vf(w)+ Vf(w)
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SVRG: Stochastic Variance reduced
method gradient |k smsnsmene 2isues

t+1

w = w' — yg;(w") J

Reference pointJ W E R4

Sample J Vfi(w'), 1iid sample with prob &

Grad. estimate J gi (wt) =V fi (wt) — Vfi (”LD) + Vf(f(b)

It’s unbiased Elgi(w)] = E[V fi(w)] — E[V fi(w)] + V f(w0)

because: =V /f(w N M



free-SVRG: Stochastic Variance

32

Reduced Gradients | k. ‘onnsonsznan || =5

Sebbouh, et. al 2019
Neurips 2019

Set WY = 0 = x1*, choose v > 0,m € N,
a; > 0 with Z?;Bl ap =1

for s=1,2,...,T

Ty =25

tort=20,1,2,...,.m—1

i.i.d sample i ~ +

ZCt_I_l — ZIjt . ,ygt
1 5 —1 ’ Adding
w = tho L g indices in
Output ?I]T—I—l kand t

g' = Vfi(at) = V(@) + V(@)

“ Most iterates cost O(1) , Tune inner loop size m




free-SVRG: Stochastic Variance >

M Sebbouh, et. al 2019
Reduced Gradients | L ‘onhsonsznng || =X Sebbouhet s

Set WY = 0 = x1*, choose v > 0,m € N,
a; > 0 with Z?;Bl ap =1

for s=1,2,...,T
Ty =T

S

tort=20,1,2,...,.m—1

i.i.d sample i ~ +

n
t t ~s—1 ~s—1
Adding g = Vfi(ws) — sz‘(ws ) =+ Vf(ws )
indices in ZCZ_I_l — xé . '7975
tand s ~ st 1 m—1 . Adding
w = tho L g indices in
Output w?! ek

“ Most iterates cost O(1) , Tune inner loop size m



free-SVRG: Stochastic Variance .

M Sebbouh, et. al 2019
Reduced Gradients | L ‘onhsonsznng || =X Sebbouhet s

Set WY = 0 = x1*, choose v > 0,m € N,
a; > 0 with Z?;Bl ap =1

for s=1,2,...,T
Ty =25
tort=20,1,2,...,.m—1

i.i.d sample i ~ +

mn
t __ (4 ~s—1 ~g—1
Adding g = Vfi(ws) — sz‘(ws ) =+ Vf(ws )
indices in ZCZ_I_l — xé . '7975
GHETedes TIJS—I_l — Zm_l ) ZCt Reference point is an
~ T4 t=0 tts average of inner iterates
Output w

“ Most iterates cost O(1) , Tune inner loop size m



SAGA: Stochastic Average Gradient

'31 Defazio, Bach, & Lacoste-Julien, 2014 NIPs

t+1

wh = wh —qg;(wh) |

Sample J Vfi(w"), ii.d sample with prob %

Grad. estimate J

gi(w') = Vfi(w') = Vfi(w') + 1 sz,

Store grad. J sz (wtz) = fo,, (wt)

35
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SAGA: Stochastic Average Gradient

ni Defazio, Bach, & Lacoste-Julien, 2014 NIPs

t+1

w = w' — Wgz'(wt) J

Sample J Vfi(w"), ii.d sample with prob %

Grad. estimate J

gi(w') = Vfi(w') = Vfi(w') + 1 sz,

Vzi(w') = Vfi(w")

Store grad. J sz (wtz) = sz (wt)
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SAGA: Stochastic Average Gradient

ni Defazio, Bach, & Lacoste-Julien, 2014 NIPs

t+1

wh = wh —qg;(wh) |

Sample J Vfi(w'), 1iid sample with prob +

Grad. estimate J

gi(w') = Vf;(w') = Vfi(wh) + 2V f;(w')

i) = fiwh) + (VA w— ) (i at) = VA ()

Store grad. J sz (wtz) = sz (wt)
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SAGA: Stochastic Average Gradient

ni Defazio, Bach, & Lacoste-Julien, 2014 NIPs

t+1

wh = wh —qg;(wh) |

Sample J Vfi(w'), 1iid sample with prob +

Grad. estimate J

gi(w') = Vf;(w') = Vfi(wh) + 2V f;(w')

zi(w) = filw") +(Vfi(w"),w—w") - Vzi(w') = V fi(w") E[Vz(w'")]

Store grad. J sz (wtz) = sz (wt)




SAGA: Stochastic Average Gradient

Set w = 0,9, = Vf;(w?), fori=1...,n
Choose v > 0
fort=0,1,2,..., 7T —1
sample 1 € {1,...,n}
9" =Vfi(w") —gi+ 5 3195
wttl = wt — gt
g9i = Vfi(w")
Output w’

“ No inner loop, rolling update ,. Stores a d X nmmatrix

39



Covariates

Let z and z be random variables. We

say that x and z are covariates if:

Variance Reduced Estimate:

cov(z,z) >0

r, =x— 2z + E|z]

40



A1

Cova riates cov(x, z) := E[(x — E[z])(z — E[z])]

Let z and z be random Val"iable.s. We COV (LC, Z) Z 0
say that x and z are covariates if:

r, =x— 2z + E|z]

Variance Reduced Estimate:

EXE:
1. Show that E|z,.| = E[x]

2. VAR[z,] = E[(z, — E[z.])?] =7
3. When is VAR[z,| < VAR|[z]



A9

Cova riates cov(x, z) := E[(x — E[z])(z — E[z])]

Let 2z and 2z be random Val.'iable.s. We COV (LU, Z) Z 0
say that x and z are covariates if:

r, =x— 2z + E|z]

Variance Reduced Estimate:

EXE:
1. Show that E|z,.| = E[x]
2. VAR[z,] = E[(z, — E[z.])?] =?
3. When is VAR|z,| < VAR|[x]
E[(z. — E[z.])*] = E[(z—E[z] - (z - E[]))]
= E[(z - E[z])°] - 2E[(z — E[z])(z — E[2])]
+E[(z — E[Z])2]

|
<
>
=
E
N)
@)

=
s

\J
_|_
<
>
e
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SAG: Stochastic Average Gradient
( B i a Se d Ve rS i O n ) ﬁi M. Schmidt, N. Le Roux, F. Bach (2016), Math prog

t+1

wh = wh —qg;(wh) |

Sample J Vfi(w'), 1iid sample with prob +

Grad. estimate J

9:(w') = 3 2_ Vi) Elg'] # V(w")

T, = & _——m——T E|z]

—

Store grad. J sz (wtz) = fo,, (wt)




SAG: Stochastic Average Gradient

Set w =0,9; = Vf;(w?), fori=1,...,n
Choose v > 0
fort=20,1,2,...,T —1
sample ¢ € {1,...,n}
9; =V /fi(w')  (update grad)
g' = %2?21 9j
wttl = wt — ~gt
Output w’

“ Very easy to implement ,. Stores a d X n matrix




SAG: Stochastic Average Gradient

Set w’ =0,¢g; = Vf;i(w®), fori=1,...
Choose v > 0
fort=20,1,2,...,T —1
Sample 1 € {1, -
= V fi(w") (update grad)

g :12 —1 95
Wit = wt — gt
Output w?’

s T

“ Very easy to implement

,. Stores a d X m matrix

EXE: Introduce a variable G = (1/n) > _,_, g; . Re-write the SAG

algorithm so G is updated efficiently at each iteration.

45
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The Stochastic Average Gradient
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radient

LY LY 1 11

ot
O o=0.1

The Stochastic Average G

I". Q
25} |

AL T
Y
S!S

1.5}

How to prove this converges? Is this the only option?



Stochastic Gradient Descent
a =0.5

|

w

|

no

wm

|

A"
op O

0.5
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Convergence Theorems




Assumptions for Convergence

Strong Convexity
Fw) = £(y) + (V) w—y) + Slw -yl

Smoothness + convexity

filw) < fi(y) +(V[fi(y),w —y) + %Ilw — |5
fi(w) > fi(y) +(Vfi(y),w —y) for 1 =
Linax = max L

’o.o

50



free-SVRG: Stochastic Variance !

M Sebbouh, et. al 2019
Reduced Gradients | L ‘onhsonsznng || =X Sebbouhet s

Set WY = 0 = x*, choose v > 0,m € N,
a; > 0 with Z?;Bloztzl

for s=1,2,...,T

Ty = T9,

fort=20,1,2,....m—1

1.1.d sample 7 ~ %
Adding g =Vfi(al) = Vfi(Ws—1) + Vf(Ws-1)
indices in t+1 — .t _ t
k and t ~S_|_1:CS mﬁi W'tg
w — Zt:O Al g
Output w! !

“ Most iterates cost O(1) , Tune inner loop size m



free-SVRG: Stochastic Variance -

M Sebbouh, et. al 2019
Reduced Gradients | L ‘onhsonsznng || =X Sebbouhet s

Set WY = 0 = x*, choose v > 0,m € N,
a; > 0 with Z?:Bloztzl

for s=1,2,...,T

Ty = T9,

fort=20,1,2,....m—1

1.1.d sample 7 ~ %
t t ~ ~
Adding g — sz(ajs) — Vf@'(ws_l) -+ Vf(ws_l)
ikndi(zies in leg_l_l — xz . ,ygt
and ¢
~s+1 __ m—1 t 1 — m—1—t
W =) T apx, o = L= -
Output w! ! Yty (1= ypym=1=t

“ Most iterates cost O(1) , Tune inner loop size m



Convergence Theorem for SVRG

Theorem

If f(w) is p—strongly convex, f;(w) is Lyax—smooth
Wi, ) = [l — w2 + enst x (f(@) — f(w"))

m—1
where cnst := 8 LaxY” Z (1 —yp)"
=1

%é Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019
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Convergence Theorem for SVRG

Theorem

If f(w) is p—strongly convex, f;(w) is Lyax—smooth
W(a, ) = [l — w2 + enst x (f(@) — f(w"))

If v < then
6 max ¢
_ o1 _
W) B @) < max {(1 )™ 5} W (2, o)
m—1
where cnst := 8 LaxY” (1 —yp)’ /
i=1

%é Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019




Convergence Theorem for SVRG

Theorem

If f(w) is p—strongly convex, f;(w) is Lyax—smooth
W(a, ) = [l — w2 + enst x (f(@) — f(w"))

If v < c then

‘ E[U(zy", ws)] < maX{(l—w)m, %}t‘lf(w&@o)

m—1
Where cnst := 8Lmax’72 E ]_ — fylu Free to choose the number/
=1

of inner iterates m
___”

%é Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019




Convergence Theorem for SVRG

Theorem

If f(w) is p—strongly convex, f;(w) is Lyax—smooth
W(a, ) = [l — w2 + enst x (f(@) — f(w"))

If v < c then

- E[W(z]", ws)] < maX{(l—w)m, %}t‘lf(w&@o)

m—1
Where cnst := 8Lmax72 E ]_ — fylu Free to choose the number/
\ =1

of inner iterates m
___”

Corollary If v =1/6Ly.c and m =n

t:()(GLma")log(l) =) EHth —zZ%)H]

m € 'r07

%é Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019




Convergence SAGA

Theorem SAGA
If f(w) is pu—strongly convex, f;(w) is Lyax—smooth
and a = 1/(3Lmax) then

* . 1 v ‘
E |||w" —w Hg] < (1—m1n{4n, 3Lmax}> Co

2n
BLmaX

where Cy = (f(w?) — f(w*)) + ||w® —w*[|3 >0

An even more practical

e m—— Much easier proof due to unbiased gradients

A. Defazio, F. Bach and J. Lacoste-Julien (2014)
NIPS, SAGA: A Fast Incremental Gradient Method
e With Support for Non-Strongly Convex Composite
ope

Obijectives.

o7



Convergence SAG

Theorem SAG

If f(w) is pu—strongly convex, f;(w) is Lyax—smooth

and o = 1/(16L,ax) then

* . 1 9! ’
E [||w" —w Hg] < (1—m1n{8n, 16Lmax}> Co

3 41
0 * max 0 * 12
where Co = 5 (f(w”) = f(w")) + =2 [|u® — w*|§ > 0
A practical Because of biased gradients, difficult proof
convergence result! that relies on computer assisted steps

M. Schmidt, N. Le Roux, F. Bach (2016)

Mathematical Programming
e Minimizing Finite Sums with the Stochastic Average
ope

Gradient.

58
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Comparisons in total complexity for
strongly convex

Approximate solution

E[f(w")] = f(w*) <e or Efw’ —w*<e

SGD Gradient descent SVRG/SAGA/SAG
o(c)  o(mlD)) el ()
€ 1 € L €

Variance reduction faster than GD when L > g+ Liyax/n

How did I get these Section 1.3.5, R.M. Gower, Ph.d thesis: Sketch and
complexity results from g - Project: Randomized Iterative Methods for Linear Systems
the convergence results? Ak and Inverting Matrices University of Edinburgh, 2016




60

Practicals implementation of SAG
for Linear Classifiers

ini T L2 lari
Finite Sum Training Problem regularizor -+

linear hypothesis

n
-1 7 i A 2
min o ;:15 ((w,2),9") + 5llw|l3
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Practicals implementation of SAG
for Linear Classifiers

ini T L2 lari
Finite Sum Training Problem regularizor -+

linear hypothesis

n
-1 7 i A 2
min o ;:15 ((w,2),9") + 5llw|l3

Vfi(w) =0 ((w,z"), y")z" + \w
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Practicals implementation of SAG
for Linear Classifiers

ini T L2 lari
Finite Sum Training Problem regularizor -+

linear hypothesis

min ;6 ((w, 2%, y*) + 3] |wl]3
Vfi(w) = £ ((w,2"),y)a" + dw

Y o

Nonlinear Linear
n w In w
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Practicals implementation of SAG
for Linear Classifiers

Reduce
Storage
to O(n)

Finite Sum Training Problem

L2 regularizor +
linear hypothesis

min ;6 ((w,2%),y") + 3llwll3
Y filw) = £ (G, 2), )’ + o

Y o

Nonlinear Linear
n w n w

Only store real number B; = 5,(<wti : xi>, yz)
tiy ' t
Stoch. gradient estimate sz (w ) — 573332 + A\w
mn

t 1 t
Full gradient estimate g = n Z Bix; + Aw
J=1



_ Proving Convergence of SVRG
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Proof:
|zit — w5 = |zl —w* —~g'5
= ||z} — w*||53 — 2v(¢", =t — w*) ++?||g"||5-
Taking expectation with respect to j Unbiased estimator
Ej |||zt — w*||3] = |zt — w*|[3 — 29(V f(2h), 2% — w*) + v°E; ||l¢"]]3]
str. conv. . 112 . . 5 g
< (1 — py)l|2t — w3 — 2v(f(2%) — f(w*)) +¥*E; [||¢"]]3]
Need to

bound this!
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Smoothness Consequences |

Smoothness

L
fw) < f@) + (Vi) w—y) + Sllw—yll, fori=1,..., n

EXE: Lemma 1 ] ]
fly=VIW) = F) < =7 IVF@IE vy

Proof:

1
Substituting w =y — EV f(y) into the smoothness inequality gives

fl—295W) ~ f) < (V@7 ViW) + 2l — T VW)
= L VIWIB .
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Smoothness Consequences ||

Smoothness
L; .
filw) < fi(y) + (Vi) w —y) + S llw —yllz, fori=1,....n

EXE: Lemma 2
E[||V fi(w) = V fi(w*)][3] < 2Lmax(f(w) — f(w™))

Proof: Let g;(w) = fi(w) — fi(w*) — (Vf;(w*),w — w*) which is L;—smooth.
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Smoothness Consequences ||

Smoothness
L; .
filw) < fi(y) + (Vi) w —y) + S llw —yllz, fori=1,....n

EXE: Lemma 2
E[||V fi(w) = V fi(w*)][3] < 2Lmax(f(w) — f(w™))

Proof: Let g;(w) = fi(w) — fi(w*) — (Vf;(w*),w — w*) which is L;—smooth.
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Smoothness Consequences Il

Smoothness
L; .
filw) < fi(y) + (Vi) w —y) + S llw —yllz, fori=1,....n

EXE: Lemma 2
E[||V fi(w) = V fi(w")|3] < 2Lmax(f(w) = f(w"))

Proof: Let g;(w) = fi(w) — fi(w*) — (Vf;(w*),w — w*) which is L;—smooth.

Convexity of f;(w) = g;(w) > 0 for all w. From Lemma 1 we have

1 1 1
gi(w) > gi(w) — gi(w — L—Z_ng'(w)) > oL, |Vgi(w)]|5 > ST | Vgi(w)||3
Insertilng definition of g;(w) we have —
57 |V fi(w) = V fi(w")|[5 < fi(w) = filw*) = (V f;(w*),w — w*)

Result follows by taking expectation of 1.




Bounding gradient estimate

9" = Vfi(z") = Vfi(w) + V f(D)
EXE: Lemma 3

E[l|g*||2] < 4Lmax(f(z") = f(w")) + 4Lmax(f (@) = f(w"))

Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
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Bounding gradient estimate

9" = Vfi(z") = Vfi(w) + V f(D)
EXE: Lemma 3

E[l|g*||2] < 4Lmax(f(z") = f(w")) + 4Lmax(f (@) = f(w"))

Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
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Bounding gradient estimate

9" = Vfi(z") = Vfi(w) + V f(D)
EXE: Lemma 3

E[|lg"[13] < 4Lmax(f(2") — f(w")) + 4Lmax(f (@) — f(w"))
Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
Eilllg'13] = E;[lIVfi(a") = Vfi(w") + V fi(w") = V fi(@0) + V f(@)|[3]

< 2E,[|IVfi(a") = Vfilw)[3] + 2B [[|V fi(w*) = V fi(w) + V f(@)|[3]

< 2Eji||vfi(l‘t) - sz(w*)Hg] + 2Ej[||vfz'(1U*) - sz(’@“%]

— 4LmaX (f(xt) o f(w*) + f(’lf)) o f(w*)) o

Lemma 2
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Bounding gradient estimate

9" = Vfi(z") = Vfi(w) + V f(D)
EXE: Lemma 3

E[|lg"[13] < 4Lmax(f(2") — f(w")) + 4Lmax(f (@) — f(w"))
Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2
Eilllg'13] = E;[lIVfi(a") = Vfi(w") + V fi(w") = V fi(@0) + V f(@)|[3]

< 2E,[|IVfi(a") = Vfilw)[3] + 2B [[|V fi(w*) = V fi(w) + V f(@)|[3]

< 2Eji||vfi(l‘t) - sz(w*)Hg] + 2Ej[||vfz'(1U*) - sz(’@“%]

— 4LmaX (f(xt) o f(w*) + f(’lf)) o f(w*)) o

Lemma 2
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Bounding gradient estimate

EXE: Lemma 3

g' = Vfi(z") = Vfi(d) + V f(@)

E[l|g*||2] < 4Lmax(f(z") = f(w")) + 4Lmax(f (@) = f(w"))

Proof: Hint: use ||a + b||3 < 2||al|3 + 2||b||3 and Lemma 2

E;(llg"lz] =
<

<

Lemma 2

1]
OF,

2F;

Vfi(@') = Vfi(w*) + V fi(w*) = V fi(®) + V f(@)|]3]

|V fi(z") = V fi(w)[3] + 2B5[||V fi(w™) = V fi(®) + V f(0)][3]

IV fi(z") = V filw)5] + 2E;[[|V fi(w™) = V fi(@)]]3]

ALmax (f(2') — f(w*) + f(@) — f(w™)) _

Where we used in the first inequality that E[||X — EX||3] < E[||X]||3]
with X = Vf;(w*) — V() thus E[X] = —V f (@)



75

Proof:
lzg™ —w*[|3 = ]2y —w* —7g'lI3
= ||zl — w3 — 29(g" 7% — w*) +?[l¢"][3.
Taking expectation with respect to j Unbiased estimator
E; |||lz5 — w*[3] = 2% — w*||3 — 29(V f(23), 25 — w*) +7°E; |||g"][3]
str. conv. . o112 . . o 11 t112
< (1 = p)lzy — w3 = 29(f (@) = f(w*)) +v*E; [||g"]]3]
Need to oy [||gt||2}
bound this! 2

Lemma 3 ¢° = Vfi(zy) — Vfi(s—1) + Vf(Ws—1)

E][Hgt”g] < 4LmaX(f(xé) — f(w")) + 4Lmax (f(Ws—1) — f(w™))
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Proof:

|zttt —w*|3 = ||zt — w* —~v4"||3
= ot —w*||3 — 2v(gt, 2t — w*) + ¥?||g"||3.

) . . . Unbiased estimator
Taking expectation with respect to j

Ej [||lz5t — w*[|3] = |zt — w*|[3 — 29(V f(2}), 2t — w*) +¥°E; |||g"[|3]
str. conv.
< (1 — )|zl — w*]]3 — 29(f(zh) — f(w*)) + +°E; [|lg"]I3]
< (1 = py)lloh — w15 = 29(1 = 2y Lmax) (f(z}) — f(w*))

+49* Linax (f (ws—1) — f(w"))
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Proof:

lzg™ —w*[]3 = [lzg —w* —g'l[3

= ||zl — w*]3 - 2v(¢", 2% — w*) +[|g"|3.
) . . . Unbiased estimator
Taking expectation with respect to j

E; ([l —w*|]3] = |l2h —w*[|3 = 29(V f(2), 2} —w*) +~°E; [|lg*]13]
str. conv.
< (1= py)llal — w13 = 29(f(2h) — f(w*)) +¥°E; [llg"]]3]
< (1 — py)llxf — w13 = 279(1 — 27 Liax) (f (25) — f(w*))

‘|‘4’Y2Lma}<<f(ws—l) — f(w™))
Taking expectation and iterating from ¢t = 0, .. , m-1
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Proof:

lzg™ —w*[]3 = [lzg —w* —g'l[3

= ot —w*||3 — 2v(g", 2!, — w*) + ¥?||¢g"||3.

) . . . Unbiased estimator
Taking expectation with respect to j

E; ([l —w*|]3] = |l2h —w*[|3 = 29(V f(2), 2} —w*) +~°E; [|lg*]13]
str. conv.
< (1= py)llal — w13 = 29(f(2h) — f(w*)) +¥°E; [llg"]]3]
< (1 — py)llxf — w13 = 279(1 — 27 Liax) (f (25) — f(w*))

‘|‘4’Y2Lma}<<f(ws—l) — f(w™))
Taking expectation and iterating from ¢t = 0, .. , m-1

E. m k]2 < 1 — m 0 ., x[|2
[l =] < (=) — w3 SE—
m—1
_2’}/(1 — 27Lmax)sm Z O‘t(f(xg) o f(w*))
t=0

+ 4Sm72LmaX(f(w8—1) — f(w*))
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Proof:

lzg™ —w*[]3 = [lzg —w* —g'l[3

= ot —w*||3 — 2v(g", 2!, — w*) + ¥?||¢g"||3.

) . . . Unbiased estimator
Taking expectation with respect to j

E; ([l —w*|]3] = |l2h —w*[|3 = 29(V f(2), 2} —w*) +~°E; [|lg*]13]
str. conv.
< (1= py)llal — w13 = 29(f(2h) — f(w*)) +¥°E; [llg"]]3]
< (1 — py)llxf — w13 = 279(1 — 27 Liax) (f (25) — f(w*))

‘|‘4’Y2Lma}<<f(ws—l) — f(w™))
Taking expectation and iterating from ¢t = 0, .. , m-1

Ejl[|lz5" —w*|l3] < (1 —py)™|lz] —w*||3 .
il | : ap = (1—py)" 1T
m—1 m—1
Qv —27(1 = 2yLnax)Sm Y au(f(ah) — f(w"))
=0 t=0

+ 4Sm72LmaX(f(w8—1) — f(w*))



80
Proof:

lzg™ —w*[]3 = [lzg —w* —g'l[3

= ||zl — w*]3 - 2v(¢", 2% — w*) +[|g"|3.
) . . . Unbiased estimator
Taking expectation with respect to j

E; ([l —w*|]3] = |l2h —w*[|3 = 29(V f(2), 2} —w*) +~°E; [|lg*]13]
str. conv.
< (1= py)llal — w13 = 29(f(2h) — f(w*)) +¥°E; [llg"]]3]
< (1 — py)llxf — w13 = 279(1 — 27 Liax) (f (25) — f(w*))

‘|‘4’Y2Lma}<<f(ws—l) — f(w™))
Taking expectation and iterating from ¢t = 0, .. , m-1

Ejl[|lz5" —w*|l3] < (1 —py)™|lz] —w*||3 .
il | : ap = (1—py)" 1T
m—1 m—1
Qv —27(1 = 2yLnax)Sm Y au(f(ah) — f(w"))
=0 t=0

Rest on the board



Take for home Variance
Reduction

* Variance reduced methods use only one stochastic gradient per

iteration and converge linearly on strongly convex functions
* Choice of fixed stepsize possible

* SAGA only needs to know the smoothness parameter to work, but

requires storing n past stochastic gradients

* SVRG only has O(d) storage, but requires full gradient
computations every so often. Has an extra “number of inner

iterations” parameter to tune
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