Exercise List: Properties and examples of convexity and
smoothness
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Time to get familiarized with convexity, smoothness and a bit of strong convexity.

Notation: For every z,y, € R? let (x,y) & Ty and let ||z|]2 = /(z, z).
Let omin(A) and omax(A) be the smallest and largest singular values of A defined by

€ A e A
Umin<A) d:f i ” «THQ and O'max(A) d:fmax H xHQ (1)
zeRd ||z |2 zeRd [|z]|2
Thus clearly
A 2
“ ‘T‘!? < omax(A)?,  Vz € RY (2)
Zll2

Let [|A|% Ly (ATA) denote the Frobenius norm of A. Finally, a result you will need,

for every symmetric matrix G the L2 induced matrix norm can be equivalently defined by

[(Gz,2)| _ |G|z

IG]l2 = omax(G) = sup = : (3)
x€R 2£0 ||.%'||% z€R9, 2£0 HfL'HQ
1 Convexity
We say that a twice differentiable function f: R% — R is convex if
FOr+(1=Ny) <Af(@)+ (1 =Nfy), Yz,yeRLA€[0,1]. (4)
or equivalently
v V2 f(x)v >0, VYr,veRL (5)
We say that f is u—strongly convex if
v VA f(@)o > pllol3, Va,v e R (6)



Ex. 1 — We say that ||-|| — Ry is a norm over R? if it satisfies the following three
properties

1. Point separating: ||z| =0 < z = 0,Vz € R,
2. Subadditive: ||z +y| < ||z| + ||y|,Vz,y € R?

3.  Homogeneous: |az| = |a||z|, Yz € R? a € R.

Part 1

Prove that x — ||z|| is a convex function.

Part 11

For every convex function f :y € R™ + f(y), prove that g : # € R? > f(Az —b) is a
convex function, where A € R"*% and b € R".

Part II1

Let f; : R — R be convex for i = 1,...,n. Prove that Yoy fi is convex.

Part IV

For given scalars y; € R and vectors a; € R% for i = 1,...,m prove that the logistic
regression function f(z) = 13" In(1+ e Y0 is convex.

Part 'V

Let A € R™ 9 have full column rank. Prove that f(z) = L||Az — b|]3 is 02, (A)-strongly

2 min
convex.

Part VI

Now suppose that the function f(z) is p—strongly convex, that is, it satisfies
1
Fy) 2 f@) +{(Vf(@)y —2) + Slly - zl3, Va,yeR? (7)
Prove that f(z) satisfies the Polyak—Lojasiewicz condition, that is

IVf(@)I3 = 2u(f(z) - f(z"), Va. (8)



2 Smoothness

We say that a function f : R® — R is L-smooth if

V(@)= Vil < Llz—yl (11)
or equivalently if f is twice differentiable then
v V2f(x)v < L|jv||3, V,veRL (12)

Ex. 2 — Part]

Prove that « — %||z[|? is 1-smooth.

Part I1
Let f : R? = R be twice differentiable and L-smooth. Show that

omax(V2f(2)) = [ V2 f(2)]2 < L.

Part 11T

For every twice differentiable L-smooth function f : y € R™ — f(y), prove that g : = €
RY s f(Ax — b) is a smooth function, where A € R"*? and b € R™. Find the smoothness
constant of g.

Part IV

Let f; : RY — R be a twice differentiable and L;smooth for i = 1,...,n. Prove that
%Zi:l fiis Y4 %fsmooth.

Part V

For given scalars y; € R and vectors a; € R? fori = 1, ..., n prove that the logistic regression

function f(z) = 1 3" | In(1 + e ¥(®%)) is smooth. Find the smoothness constant!

Part VI
Let A € R™*? be any matrix. Prove that ||Az — b||3 is 02, (A)-smooth.
Part VII

Let M > 0 be a positive constant. Let f(z) = 237" | ¢;(a]z) where ¢; : R —» R is a
scalar function such that ¢//(t) < M for all ¢ € R. Prove that f(z) is £o2_ (A)-smooth.

max
With this result, can you find a better estimate of the smoothness constant of the logistic

regression loss?
Hint 1: ...



