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The Stochastic Gradient Method

Solving the training problem: min % Z fi(w)

Baseline method: Stochastic Gradient Descent (SGD)
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* What should b and v be?
* How does b influence the stepsize v ? Sample mini-batch with
* How does the data influence the best Bc{1,...,n} with |B| =b

mini-batch and stepsize?
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Simple Stochastic Reformulation

Random sampling vector v = (vy,...,v,) ~ D with
Elv;]=1, fori=1,...,n

= =Y fiw) = - Y Efeilfitw) = B

Original finite Stochastic Reformulation
sum problem

min _Zf% ” i I8 (),

weRd N Minimizing the expectation of random linear
/ combinations of original function /
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SGD with arbitrary sampling

min K

weRA n

1=1

: 1

Sample v' ~ D i.i.d

folw) = L Zvifi(w)}

The distribution D encodes any form
of i.i.d mini-batching/ non-uniform

,wt—l—l — ,wt — vat (wt) y sampling.

Example: Gradient descent
By design we have that

v=(1,...,1) ‘ w Tt = w' — 3V f(wh) E[V f,:(w")] = Vf(w")



SGD with arbitrary sampling

. 1
min E | f,(w) == — 3 vifi(w)
weRd n P
saves time for theorists: One

1 representation for all forms of sampling

S The distribution D d f
Samp]e ,Ut ~ D iid n P encodes any rorm

of i.i.d mini-batching/ non-uniform

,wt—l—l — wt — vat (,wt) y sampling.

Example: Gradient descent
By design we have that

v=(1,...,1) ‘ w Tt = w' — 3V f(wh) E[V f,:(w")] = Vf(w")
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Examples of arbitrary sampling:
uniform single element

Random set ‘ . {n i€ S
P[S={i}|=1/n, fori=1,...,n |0 igs
Single element SGD

Sample v' ~ D - Vfo(w) =V fi(w)
wit!t = wt — A (wt) Y

EV fo(w)] = Vf(w)



Examples of arbitrary sampling:
uniform mini-batching

Random set S C {1,..., n}, |S|=0b o To1EeS
"lo i¢s

Pie S|=b/n, fori=1,..., n

Mini-batch SGD
1

without replacement
- Vi(w) = > Vfi(w)

t
Sample v* ~ D ~

W=l =y V@)
EV fo(w)] =V f(w)
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Random set S C {1,..., n}, E|S| =
Plie S]=p;, fori=1,..., n

! \ Richtarik and Takac (arXiv:1310.3438; Opt Letters 2016)
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Examples of arbitrary sampling: non-
uniform mini-batching

Random set S C {1,..., n}, E|S| = ‘ v'—{p% 1€ S
Plie S]=p;, fori=1,..., n 0 ¢¢5

Arbitrary sampling SGD

n
Sample v! ~ D - Vi) = 23V fiw

witl — ot — V1, wt

EVf.(w)] = Vf(w)

! Richtarik and Takac (arXiv:1310.3438; Opt Letters 2016)
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. 1
wﬂelgldE fo(w) := ” Zlvzfz(w)}
Includes all forms of Sample ”Ut ~ D

SGD (including GD)

Wt =w =y V()

How to analyse this general SGD?



SGD with arbitrary sampling

1 mn
min [K w) = — v; filw
min E | f,(w) = ; il >}
Includes all forms of Sample ”Ut ~ D
SGD (including GD)
: Wt = w' — v Vi, (w)

J

Look at the extremes:

How t lyse thi 1 SGD?
Oow to analyse this genera ‘ GD and single element SGD




Assumption and convergence
of Gradient Descent and SGD



Reminder: Convergence GD
strongly convex + smooth

* * ]'
[Jw™ = w*]; = [Jw’ —w” = =V ()]

2 1

1
Now smoothness fw*) — flw) < —ﬁHVf(w)H%

gives ‘

IV F(w)llz < 2L(f(w) — f(w"))




Assumptions and Convergence of
Gradient Descent uasi strong

convexity constant

F*) > () + (V). w* — )+ £t — u]: WJ

Smoothness constant

V5 (w) = V() < 2L (f(w) = fw")) WJ




Assumptions and Convergence of
Gradient Descent g ious

convexity constant

f(w*) > fw) +(Vf(w),w" —w)+ g||w* - vl V’wJ

Smoothness constant

V5 (w) = V() < 2L (f(w) = fw")) ij

n
1 = i w2 i
witl :wt——vf(wt)7 V= (1771) ° argli%ﬁln;fxw)

Iteration complexity of gradient descent

L 1
Given € > 0 and t > — log (—) ‘
14 €

lw’ — w®




Assumptions and Convergence of
Stochastic Gradient Descent

Fw*) 2 () 4+ (Vf ()0 — ) + 2 — w3 ij

Bigger smoothness constant/ stronger assumption

%Z IV fi(w) = V fi(w*)||3 < 2Lmax (f(w) — f(w*))v J
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Assumptions and Convergence of
Stochastic Gradient Descent

Flw) > f(w) + (9 ()t —w) + Bt w3 WJ

Bigger smoothness constant/ stronger assumption

%ZHW}( ) = V(w3 < 2Lmax (f(“’)_f(w*))vJ

wtt = w! — 1a Vf;(w) Definition = Z va’b H2

Iteration complexity of SGD ; 9 |
Lmax 0'2 1 E[Hw —’UJ*H ] <
> log |w® —w*||? — ‘
v € € /

ni Needell, Srebro, Ward: Math. Prog, 2016.
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Informal comparison between GD
and SGD iteration complexity

GD

()

J

lw? — w2~

How do they compare? In general: [, < Lmax < nl J
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Informal comparison between GD
and SGD iteration complexity

GD
L 2
t > 0 L o )
€4?
J
h Effjw — wr|’] e
—_ €n 7 1S Dl
e = L€ Lo
S
How do they compare? In general: [, < Lmax < nl J

Need new “interpolating” L<? L(U) 7 < LmaX J

notion of smoothness — —
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Ass: Expected Smoothness. We write (f,D) ~ ES(L) when
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Expected smoothness constant

1 n
V fo(w) = n Z vV fi(w) Depends on v and f
1=1

): - RMG, Richtarik and Bach (arXiv:1805.02632, 2018)

Lemma:

fi convex and L,,x—smooth
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L < LiaxAmax (E[vv']) /




Key constant: Expected smoothness

Ass: Expected Smoothness. We write (f,D) ~ ES(L) when

E[|Vfo(w) = Vfu(w)|l2] < 2L (f(w) = f(w"))

\V/’UJ/

Expected smoothness constant

1 n
V fo(w) = n Z vV fi(w) Depends on v and f
1=1

! - RMG, Richtarik and Bach (arXiv:1805.02632, 2018)

Lemma:

fi convex and L,.x—smooth

: 1

(f,D) ~ ES(L)

T :
L < [ FT W—— (]E[U’U ]) /} ?Ough es(’;lﬂll)aii )
we Ccan ao better




Key constant: Expected smoothness

Ass: Expected Smoothness. We write (f,D) ~ ES(L) when

E[|Vfo(w) = Vfu(w)|l2] < 2L (f(w) = f(w"))

Yw
] — Expected smoothness constant
Vo (w) — E Z viVfi (w) Depends on v and f
=1
**X_ RMG, Richtarik and Bach (arXiv:1805.02632, 2018)
Lemma:
f; convex and L,,,x—smooth Definition: Gradient noise
2 . *\ || 2
1 0% := B ||V fo(w™)|"]
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Key constant: Expected smoothness

Ass: Expected Smoothness. We write (f,D) ~ ES(L) when

BV f.(w) = V. (w)B] < 2€ (f(w) = f(w")

Expected smoothness constant

1 n
Vfu(w) = n Z iV fi(w) Depends on v and f
1=1

! RMG, Richtarik and Bach (arXiv:1805.02632, 2018)

Lemma:

fi convex and L,.x—smooth Definition: Gradient noise J

1 o® = E,up[||V fo(w*)|?]

(f,D) ~ ES(L)

T ; &
L < LyaxAmax (E[vv ' ]) // ?Ough eztlfr;a‘;i | 02 = LS|V fi(w))?
we Ccan ao better i=1

Generalization of
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Example of Expected Smoothness

S is chosen uniformly at random
from all subsets of size b

1)

expected smoothness

! ! ! ]
10 11 12 13

What about o2?
o? :=E[|V fu(w*)]]?]



Example of Expected Smoothness

of = LY |V fi(w)|
i=1

S is chosen uniformly at random
from all subsets of size b

n—>b
b(n—1)

Limax

2 . n—b 4
o (b) = b(n—l)a*

250-

200-

expected smoothness

150

100-

50

batchsize

Measures how much
model fits data

What about o2?
o? :=E[|V fu(w*)]]?]



Expected smoothness gives
awesome bound on 2nd moment

Normally bound on i
ni( Recht, Wright & Niu, F. Hogwild: Neurips, 2011.

gradient is an assumption

nif Hazan & Kale, JMLR 2014.
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Expected smoothness gives
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Expected smoothness gives
awesome bound on 2nd moment

Normally bound on

.ﬁ( Recht, Wright & Niu, F. Hogwild: Neurips, 2011.
Adobe

gradient is an assumption

niﬁ Hazan & Kale, JMLR 2014.
Adobe

Assumptlon There eXISL-S B>0 .ﬁiﬁ, Rakhlin, Shamir, & Sridharan, ICML 2012
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ni( Recht, Wright & Niu, F. Hogwild: Neurips, 2011.
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gradient is an assumption

niﬁ Hazan & Kale, JMLR 2014.
Adobe

ASSTlmpthH There ex1s§s B>0 .ﬁﬁ Rakhlin, Shamir, & Sridharan, ICML 2012
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2 .
realistic assumptions o = E[||V fo(w®)[|]

Lemma (f,D)~ ES(L)

W) BV < AL(7w) ~ f(w) +20°
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M aln Th eorem (Linear convergence to a neighborhood)
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M alin Th eorem (Linear convergence to a neighborhood)

F@) 2 f(w)+(Vf(w),w* —w) + lw* — w3

o* = E[|V £, (w)|]

Theorem (f D)~ ES(L) and pquasi strongly convex

, R
) Bl ) < (1) — w2 +
S,

1

i i =~y < —
Fixed stepsize 7t =7 = e

1
Corollary 7= maX {27 ﬁ}

2L 402 2 Ell|w! — w*||?]
t > max : 5 log | — 5 o S €
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M alin Th eorem (Linear convergence to a neighborhood)

F@) 2 f(w)+(Vf(w),w* —w) + lw* — w3

o* = E[|V £, (w)|]

Theorem (f D)~ ES(L) and pquasi strongly convex

, R
) Bl ) < (1) -+
S,

1

i i =~y < —
Fixed stepsize 7t =7 = e

2L 402 2 Ell|w! — w*||?]
t > max : 5 log | — 5 o S €
pooEp € |w? — w||

)

sawves time for theorists: Includes GD and

SGD as special cases. Also tighter!



Proof is SUPER EASY:
|l —w*3 = [Jw'—w* =V (w3
F—w*||3 = 29(V fo(w'), w' —w*) +7*||V fu(w")]]5.

=l

Taking expectation with respect to v ~ D E[V fo(w)] = Vf(w)

E, [|lw™ —wr5] = |lw’ = w5 = 29(Vf(w'), 0" —w*) + 7B, [[[Vfo(w")][3]
quasi strong conv. < (1 —yp)|w’ — w*[5 = 2y(f(w") = f(w")) +V*Eo ||V fu (w")]2]

< (1 =yp)|lw' — w3 +2y(2vL = 1) (f(w) — f(w*)) + 27707

1
< — 2 2 2
K 2L S (1 o /YI’L)Hwt o w*||2 + 27 o Lemmal(f.D) ~ ES(L)
Taking total expectation E(IV . (w)I?] < 4£(f(w) — f(w")) + 20

E[|Jw™* —w*|3] < (1 —yp)E|[||w" —w*[3] + 27%c?
= (1 =y —w* |2+ 23 (1 — yu)in2e?

* 2 O'2 — —
(1_7N)t+1|’w0_w H%"‘ fy,u Z(l—'y,u)izl o) Si

IA




Exercises on Sampling, Expected
Smoothness + gradient noise



Optimal mini-batch sizes



Total complexity for mini-batch SGD

1 e
7=ma"{z’ H}

Corollary

2 t ok
peoen c Jw® —w] =




Total complexity for mini-batch SGD

EJwt —w'll] _
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Total complexity for mini-batch SGD

2L 402 92
nw o e €

;) = J




Total complexity for mini-batch SGD

2L 4 29 ) Total Complexity =
C(b) = max{ , i >> ]()g <_> X b

5 #stochastic gradient calculated
H L J € in each iteration

1 eu }
] S=1nax < 5, o
Corgsiiary {‘3 Ao

2 t ok
o {22, 4N (7)) Bl
[ ) € -

lw? —w|

‘ Total complexity is a simple

function of mini-batch size b
o2 — o2




Optimal mini-batch size

o1 =5 Y IVFi(w)|?
=1

2
X log (—
€

= 2 max § n(b — n — 2(n = b)o,
(1) = 2w {0 = DL+ (0= D), L2072
c(h)

—
S
S



Optimal mini-batch size

o1 =5 Y IVFi(w)|?
=1

X log
2 2(n — b)o?
C(b) := max {n(b — 1)L + (n — b) Lynax, (n = b)o; }
p(n—1) - g _ €
Linearly increasing
C(b)
@
y N
2L 1nax
14

2



Optimal mini-batch size g
2(n —b) \ ¥
C(b) := ) max {n(b — 1)L+ (n — b)Lax, u }

~ U EILL J
—~~ '

Linearly increasing Linearly decreasing

C(b)
2nL

2
4o

€p

2Lmax

— W



Optimal mini-batch size g
2(n —b) \ ¥
C(b) := ) max {n(b — 1)L+ (n — b)Lax, u }

~ U EILL J
—~~ '

Linearly increasing Linearly decreasing

2nL

2Lmax




Optimal mini-batch size

o1 =5 Y IVFi(w)|?
i=1

2
X log (—)
€

2 2(n — b)o?
C'(b) := Tha n(b— 1)L + (n — b) Liax, ( )
lu‘(n o ) ~— — E’g 7/
Linearly increasing Linearly decreasing
By n—1 b beu
v(b) = o mm n(b— 1)L + (n — b) Lypax 2(n — b)o2 Stepsize increases with b
C(v)
2nL
H 1 o
402 2L
2
K % : (742< .GNJ 2.10-3}
2L max : nL — Lyax + % ’ Uﬂ2< §
% : @ 1.1073}
1
1
1
& 3.106 | ,
1 n=53500
1 b* no b mini-batch size



Optimal mini-batch size for models
that interpolate data | v#w)=0.¥% |

2
x log | —
€

C(b) = Iu(n2_ 1) max {n(b — 1)L + (n . b)LmaX, 2(77/ E—Iub)O'* }




Optimal mini-batch size for models
that interpolate data | v#w)=0.¥% |

0

2 20 b)o?

C'(b) := = 1) max {n(b — 1)L + (n — b) Lynax,



Optimal mini-batch size for models
that interpolate data va@)=ovi

0

) 2 b)o?

C(b) := =) max {n(b — 1)L+ (n — b)Lax,

2
— ,u('n, — 1) (n(b — 1)L + (’n — b)Lmax)




Optimal mini-batch size for models
that interpolate data va@)=ovi

0
N 9 i - 2 b)o?
Cwy_um—ifmm{mb DL (7= b) Emas, €l
2
— u(n — 1) (n(b — 1)L + (’n — b)Lmax)
n—1 b

M) = S =D)L T (0= ) Lo



Optimal mini-batch size for models

that interpolate data va@)=ovi

C'(b) :

2
p(n —1
2
:u(n_ 1) ~—~

) max {n(b — 1)L + (n — b)Lmaxa

(n(b—1)L + (n — b) Lyax)

e’

——
Linearly increasing

n—1 b

2 n(b—1)L+ (n — b)Lnax

0
2o b)o

X log

2

*

ep

increases with b

b =1 J

}

2



Optimal mini-batch size for models
that interpolate data va@)=ovi

; WE
C(b) p— Iu(nQ_ 1) max {n(b — 1)L + (TL . b)LmaX, 2 E—Iub)O'* }
2
B ,u(n — 1) (\n(b - 1)L + (n o b)Lmai)

——
Linearly increasing

increases with b

n—1 b
Y(0) = — n(b—1)L + (n — b) Linax 1

All gains in mini-batching are due to b* =1 J
multi-threading and cache memory?




Stochastic Gradient Descent

3
25F |
2
1.5¢



Learning schedule: Constant &
decreasing step sizes

Theorem (f,D)~ ES(L) and p—quasi strongly convex

(1
- for t<4[L/ ]
Learning rate Y = { 2L
. . : - 2t + 1
with switch point i 5 for t > 4|_£/ ,LL]
L (t+1)%u




Learning schedule: Constant &
decreasing step sizes

Theorem (f,D)~ ES(L) and p—quasi strongly convex

Learning rate
with switch point

Ve = $

(1
2L
2t + 1

(T +1)2u

for t<A4[L/ ]

for t>4[L/ |

|

A stochastic
condition number

/




Learning schedule: Constant &
decreasing step sizes

Theorem (f,D)~ ES(L) and p—quasi strongly convex )
(1
— for t<A4[L/ ] _
Learning rate = ¢ 2L A stochastic
: : : - 2% + 1 condition number
with switch point + _ for t> 4’— r / ,LL]
((E+1)%p

! |

g2 = E[||va(7~U*)||2]

2 o 08  16[L/pl? ;
EHwt —w H2 < PZ -+ 2 ”wo —w ||2 /

for t > 4[ L/ p]




Learning schedule: Constant &
decreasing step sizes

Theorem (f,D)~ ES(L) and p—quasi strongly convex )
(1
— for t<A4[L/ ] _
Learning rate = ¢ 2L A stochastic
: : : - 2% + 1 condition number
with switch point + _ for t> 4’— r / ,LL]
((E+1)%p

! |

g2 = E[||va(7~U*)||2]

2 o 08  16[L/pl? ;
EHwt —w H2 < PZ -+ 2 ”wo —w ||2 /

for t > 4[ L/ p] t . |
V fi(w*) =0, WJ E||lw" —w*||* <O (t_Q)
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Stochastic Gradient Descent with
switch to decreasing stepsizes

Convergence plot
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=
—
E
=
=
v
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]
[
i
v
[
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7
5 107
0 5000 10000 15000 20000 25000 30000
Switch point #iterations
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Stochastic variance reduced
‘methods



Simple Stochastic Reformulation

Random sampling vector v = (vq,...,v,) € R" with
Elv;] =1, fori=1,...,n

= =Y fiw) = - Y Efeilfitw) = B

What to do about the variance? —. f v (w)

Original finite | Stochastic Reformulation
sum problem

min E [f, (w)]
min — Zfz ” weR?

weRd N Minimizing the expectation of random linear

/ combinations of original function /




Controlled Stochastic Reformulation

%Z fi(w) = E[fy(w)] = E[fo(w)] — E[zo(w)] + E[z(w)]



Controlled Stochastic Reformulation

e

- Z filw) = E[fo(w)] = E[f, (w)] — Elz,(w)] + Elz, (w)




Controlled Stochastic Reformulation

e

— Z fi(w fo(w)] = E[f,(w)] — Elz,(w)] + E[z,, (w)]
= E|f,(w) — z,(w) + E[z, (w)]]




Controlled Stochastic Reformulation

covariate Zy (w) cR Cancel out

%Z fi(w) = Elf,(w)] = E[fo(w)] — B[z, (w)] + E[z,(w)]

E[f.(w) — 20(w) + Elz, (w)]]

Original finite
sum problem

. min E[f,(w) — 2,(w) + Elz,(w)]]
mlSie

Use covariates to control the variance

/ /

Controlled Stochastic Reformulation




Variance reduction with
arbitrary sampling

min E[f, (w) — 2, (w) + E[z,(w)]]

wERI



Variance reduction with
arbitrary sampling

min E[f, (w) — 2, (w) + E[z,(w)]]

wERI

Sample v' ~ D J

t+1

w ™ = w' = gy (w')




Variance reduction with
arbitrary sampling

min E[f,(w) — z,(w) + E[z, (w)]]

wERA

Sample v' ~ D J

H =t~ gy (w)

_

w




Variance reduction with
arbitrary sampling

min E[f,(w) — z,(w) + E[z, (w)]]

wERA

Sample v' ~ D

H =t~ gy (w)

_

w




Variance reduction with
arbitrary sampling

min E[f,(w) — z,(w) + E[z, (w)]]

wERA

Sample v' ~ D

W = w' — g, ()

S~———

/
/
Ve
Ve
Ve
Ve
/
A
£




Choosing the covariate

Sample v’ ~ D
W = — g, ()




Choosing the covariate

Sample v’ ~ D
,wt-l—l _ ,wt — Vi Gyt (wt)

We would like: go(w) =~ Vf(w)




Choosing the covariate

Sample v' ~ D
,wt—l—l _ ,wt — Vi Gyt (wt)
We would like: go(w) = ‘ Vz,(w) ~ (w)




Choosing the covariate

Sample v' ~ D ]
witt = w — g, (W) == Vi (w) = Vz,(w) + E[Vz, (w)]

I |

We would like: gu(w) =~ V f(w) ‘ Vi, (w) = Vf,(w)

Linear approximation

zo(w) = fo(W0) + (Vfo(), w — )

J

A reference point/ snap shot



SVRG: Stochastic Variance Reduced
G ra d ie ntS .Z Johnson & Zhang, 2013 NIPS

t+1

Wit = wb — g, (wt) J

Reference pointJ W E R4

Sample J V fot (wt), vl ~ D Sampled i.i.d

Grad. estimate J gut (’wt) = V fu (wt) — V[, (?IJ) + Vf(’a))




SVRG: Stochastic Variance Reduced

Gradients

Reference point J

Sample J

Grad. estimate J

niﬁ Johnson & Zhang, 2013 NIPS
t+1 ¢t ;

W =w" =Ygy (W) J
w € R?

Ve (w'), v'~D Sampled ii.d

gut (wt) =V fo (wt) — V fo (’LTJ) + Vf(’[[))

Vi (wh) = Vfoi ()



SVRG: Stochastic Variance Reduced

Gradients

Reference point J

Sample J

Grad. estimate J

th(w>:fv ( va

HET Johnson & Zhang, 2013 NIPS
t+1 ¢t ;

W =w" =Ygy (W) J
w e RY

Ve (w'), v'~D Sampled ii.d

gut (wt) =V fo (wt) — V fo (’Lb) + Vf(’[[))

W — W) _ Vzyt(w') = V fie (W



SVRG: Stochastic Variance Reduced

Gradients

Reference point J

Sample J

Grad. estimate J

2ot (W) = fur (W) + (V for (@

X Johnson & Zhang, 2013 NIPS
Adobe

t+1

Wt =t =gl |

w e R
Ve (w'), v'~D Sampled ii.d

gut (wt) =V fo (wt) — V fo (’Lb) + Vf(’[[))

w— ) (O Sz ) = Vi () W EV=, ()] = V£ ()



Iteration complexity for SVRG and
SAGA for arbitrary sampling

Theorem for SVRG (f,D) ~ ES(L) and p—strongly convex

1 . . L 1
= [teration complexity ~ O | —log | —

stepsize v <

lize. Sebbouh, Gazagnadou, Jelassi, Bach, G., 2019
AAAAA




Iteration complexity for SVRG and
SAGA for arbitrary sampling

Theorem for SVRG (f,D) ~ ES(L) and pu—strongly convex

1 1
stepsize ¥ < — Iteration complexity =~ O £ log | —
6L L4 €

)

1 Sebbouh, Gazagnadou, Jelassi, Bach, G., 2019
Adobe

Theorem for SAGA (and the JacSketch family of methods)
(f,D) ~ ES(L) and p—quasi strongly convex

) a
1 : . C 1
stepsize v < AL [teration complexity =~ O ﬁlog -
/

"F_ G, Bach, Richtarik, 2018
7 hdobe




Iteration complexity for SVRG and
SAGA for arbitrary sampling

Theorem for SVRG (f,D) ~ ES(L) and pu—strongly convex

1 1
stepsize ¥ < — Iteration complexity =~ O é log | —
6L L4 €

)

ﬂ Sebbouh, Gazagnadou, Jelassi, Bach, G., 2019
Adobe

Missing details due to extra definitions

Theorem for SAGA (and the JacSketch family of methods)
(f,D) ~ ES(L) and p—quasi strongly convex

) a
1 . . C 1
stepsize v < AL [teration complexity =~ O ﬁlog -
/

"F_ G, Bach, Richtarik, 2018
7 hdobe




Total Complexity of mini-batch
SV RG ﬁ%, Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

2
X log (—)
€

n 3n—0bL Inb—11L
— 2(_ 2) e max |
C'(b) + 2b maX{bn T + - 1_M m}




Total Complexity of mini-batch
SV RG n%, Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

2
X log (—)
€

_bLmaX b—1 L
(Xw::2(z+2®nmx{§n +3n _ﬂﬁ}

m bn—1 pu bn—1u
S— g
Non-linearly increasing

1 b(n —1)
T 6('n’_b)Lmax‘l‘n(b— l)L




Total Complexity of mini-batch
SV RG ﬁ%, Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

1 Linearly decreasing
N\ r

L\xlog(

n
C(b) = 2 (— 2b) 2 =y
(b) m—l_ maX{bn—l 1 —I_bn—l,um}
Non-linearly increasing

1 bin—1)
776 (= b) L + (0 — 1)L

2

€

)



Total Complexity of mini-batch
SVRG

Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

L\xlog(

Y Linearly decreasing i
3n—0Lmax 3nb—10L
C'(b) = Q(E—I—Qb) max { -~ " —,m
m bn—1 pu bn—1u
Non-linearly increasing

1 bin—1)
7T 6 (1 — 0) Lax - 1(b — 1)L

210F

total complexity

mini-batch size

2

€

)



Total Complexity of mini-batch

SVRG L%

Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

L\xlog(

Y Linearly decreasing i
= Q(E—I—Qb)max 2r + n —.m
m bn—1 pu bn—1u

——
Non-linearly increasing

bin—1)

1
7T 6 (1 — 0) Lax - 1(b — 1)L

210F

total complexity

& g 10

2 L 4
b™ mini-batch size

2

€

)



Total Complexity of mini-batch
SV RG .IZT Sebbouh, Gazagnadou, Jelassi, Bach, G, 2019

1 Linearly decreasing | xlog (2)
r N r €
n 3n—>bL nb—11L
C'(b) = 2(——|—2b) max § — — 4 —.m
m bn—1 pu bn—1u
— I
Non-linearly increasing
1 bin—1)
v = G (7 — D) Lo + (b — DL Stepsize increasing with b
3200' 3.1073¢
E 190 f
a
£ 180 © 21073}
S -
g 7 : !;; @ 11073

« 4 . 1 N=53500
b™ mini-batch size mini-batch size



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

b—14L — b 4Ly ax — b 4Lpax
C(b) = max {n - + - }

’
2

x log (—)
€

n1p n—1 p n—1 p

N = 1 b(n —1)
C'(b) ! max {n(b — 1)L+ (n — b)Lymax, (N — b) Lipax + n(n ; 1)#}
n . :



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

C(b) = max<n + y N
n—1pu n—1 pu n—1 p )
- J x log (E)

Linearly increasing

1 b(n—1)
T n(n—1)u
C(b) max {n(b - 1)L + (TL - b)LmaX7 (n - b)Lmax + 1 }
2n L
»
L4
n
4 Lax
(4
n = .



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

b—14L n—b4Lmax n — b 4Lmax
C'(b) = max<n + , o+
n—1 u n—1 pu n—1 u ,
~ ~— - ()
Linearly increasing Linearly decreasing
1 b(n—1)
7T n(n—1)u
C'(b) max {n(b — 1)L+ (n — b)Lymax, (N — b) Lipax + 1 }
nL
L4
4Lmax
n -+
L
4L ax
L4
n m .



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

b—14L —b4L 1ax — b 4L ax
C(b)zmax{n —|—n n-l-n }

n—1pu n—1 pu n—1 pu ;
S~ N , xlog (—)
Y ~" €
Linearly increasing Linearly decreasing
1 b(n—1)
T n(n—1)u
C(b) max {n(b - 1)L + (TL - b)LmaX7 (n - b)Lmax + 1 }
2nL
H . p(n —1)
b = |1
4Lmax L T 4], J
n +
{4
4L ax !
p :
n i
b



Total Complexity of mini-batch
SAG A M., Gazagnadou, G & Salmon, ICML 2019

b—14L —b4L 1ax — b 4L ax
be)ZJnax{n, +—n n%-n }

n—1u n—-1 pn ’ n—1 pu ,
L - L -y X 10g (—)
—_— — .
Linearly increasing Linearly decreasing
1 b(n—1)
7T n(n—1)u
C'(b) max {n(b — 1)L+ (n — b)Lymax, (N — b) Lipax + 1 }
2nL
1 . p(n —1)
b = |1
4L max L RY? J
n +
L
4 Lmax : Always smaller
] : than 25% of data
n i
b



Total Complexity of mini-batch
S AG A Predicts good

total complexity
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Total Complexity of mini-batch
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total complexity
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Total Complexity of mini-batch
SAGA
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Total Complexity of mini-batch
SAGA
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Take home message so far

1 n
JQ}%E [fv( ) = n Zvifi(w>

Stochastic reformulations allow J
=1

to view all variants as simple SGD

E[|[V fu(w Hz] < L (f(w) = f(w?))
~ ES(L)

To analyse all forms of sampling

used through expected smooth

size of SGD, SAGA and SVRG

Stepsize increase by orders when

How to calculate optimal mini-batc J
mini-batch size increases J




Take home message so far

Stochastic reformulations allow J

to view all variants as simple SGD

To analyse all forms of sampling

used through expected smooth

size of SGD, SAGA and SVRG

Stepsize increase by orders when

How to calculate optimal mini-batc J
mini-batch size increases J

1 n
min E [fv( )= ;Uz‘fz‘(w

E[|[V fu(w Hz] < L (f(w) = f(w?))
~ ES(L)

step size
= [t

33333333

n=53500
mini-batch size






Issue with Gradient Descent

Solving the traini blem: min - (W) =:
olving the training problem ﬁ%n;‘f(w) f(w)

J

Baseline method: Gradient Descent (GD)

w' = w’ -y Vf(w') J

Step size/
Learning rate



Issue with Gradient Descent

Local rate of change

flz +ds) — f(x)

A(d) = hm+
s—0 S
-~ Y
Max local rate
V f(w?)
— A(d
NI
subject to ||d|| = 1
J

GD is the “steepest descent”



Issue with Gradient Descent

Rosenbrock function Rosenbrock function

3.0

2,57

2,01

1.5 1

1.0

0.5 1

(.01

—01.5 7

—1.0




Adding some Momentum to GD

Heavey Ball Method: |
Wt = w' —y Vf ') + Bt —w' )

Adds “Inertia” to update



Adding some Momentum to GD

Heavey Ball Method:
Wt = w' —y Vf ') + Bt —w' )

| |

Adds “Inertia” to update

GD with momentum (GDm):
Adds “Momentum” t t—1 t
to update = 6m ™ Vf(w )
wt—l—l _ wt . ,Ymt




GDm and Heavy Ball Equivalence

GD with momentum:

m! = m!~! + Vf(w)

wit! = wt — ym!




GDm and Heavy Ball Equivalence

GD with momentum:

m! = Bm'~t + Vf(wh)

witl = wt — v mt

witl = wt —ymt

= w' =y (Bm + Vf(w'))
= w' =y Vfw)—yBm™
= w' =y V(') + 2 (w' —w')



GDm and Heavy Ball Equivalence

GD with momentum:

m! = Bm'~! + V f(w?)

witl = wt — v mt

witl = wt —ymt

t—1 __ 1 t t—1
= w'—y (Bm! T Vf(wh) TR
= w' =y Vf(w)—ysm™

= w' =y Vf(w')+ 2 (w' —w)



GDm and Heavy Ball Equivalence

GD with momentum:

m' = Bm' ™ 4+ V f(w')

,wt—|—1 — wt — ’th

wt—l—l — wt—’}/mt |
= =y (Bm' T 4 V() M
= w' =y Vf(w')—yBm

= w'—yVf(w") + % (wt — wt=1)

w't = w' =y Vi) + B’ —w' )



GDm and Heavy Ball Equivalence

GD with momentum:

m! = Bm'~! + V f(w?)

witl = wt — v mt

witl = wt —ymt
_ 1

— wt—y (Bmt L Vf(wt)) ™S e
= w' =y Vf(w)—ysm™
= w'—yVf(w") + % (wt — wt=1)

Heavey Ball Method: J

Wit = w' —y V(') + Bt —wt )




Convergence of Gradient Descent with
Momentum [™  polyak 1964

Theorem Let f be pu—strongly convex and L—smooth, that is
stepsize pl = VQf(’UJ) < LI, VYwe R

4 0y =
If v= andﬁz\/_ VI

(VL + /) VL + /R

then SGDm converges

momentum parameter

) -] < (ﬁj)tnuﬂ—w*u Y




Convergence of Gradient Descent with
Momentum [™  polyak 1964

Theorem Let f be pu—strongly convex and L—smooth, that is

stepsize pl = V2f(’CU) < LI, VYwe R

4 L —
If v = andﬁz\/_ v

(VL + /1) VL+ /i

then SGDm converges

momentum parameter
\/E_1 : *
) -0 < Ju® — |
VE+1

k:=L/u

t *
Corollary > 1 1 (1) ‘ Hw — W ||
" VR Jo? —w] =




Proof sketch: GDm convergence

Fundamental Theorem of Calculus

/ | VEf(u)dsu’ =) = Vf () = Vf () = f(w)

N J
ws == w* + s(w’ — w*)




Proof sketch: GDm convergence

Fundamental Theorem of Calculus

/_0 VZf(ws)dS(wt — w*) _ Vf(wt) . Vf(w*) _ Vf(wt)

o Y,
ws 1= w” + s(w' - w”)

wit™ —w* = wt —w* _'va<wt)—|—6(wt—wt—l) ot —
B (I 7 fslzo VQf(’LUS)> (wt — w*) + B(w! — w1

= (A= [y V") @' — ) — Bt — )



Proof sketch: GDm convergence

Fundamental Theorem of Calculus

/_0 VZf(ws)dS(wt — w*) _ Vf(wt) . Vf(w*) _ Vf(wt)

o Y,
ws 1= w” + s(w' - w”)

wit™ —w* = wt —w* _'va<wt)—|—6(wt—wt—l) ot —
B (I 7 fslzo VQf(’LUS)> (wt — w*) + B(w! — w1

= (A= [y V") @' — ) — Bt — )

=: A,



Proof sketch: GDm convergence

Fundamental Theorem of Calculus
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o Y,
ws 1= w” + s(w' - w”)

wit™ —w* = wt —w* _’YVf<wt)—|—5(wt_wt—l) ot —
B (I 7 fslzo VQf(’LUS)> (wt — w*) + B(w! — w1

= (A= [y V") @' — ) — Bt — )



Proof sketch: GDm convergence

Fundamental Theorem of Calculus

/ VRS u)ds(u’ =) = Vf (') = Vf () = Vf(w)

—_ J
ws 1= w* + s(w’ — w*)

wit™ —w* = wt —w* _’YVf(wt)—Fﬁ(wt_wt—l) ot —
B (I 7 fslzo VQf(’LUS)> (wt — w*) + B(w! — w1

= ((1 + )1 —~ fslzo sz(ws)) (wt — w*) — Blwtt — w*)

—: A,
— A5<wt . w*) L B(wt_l . w*)

Depends on past. Difficult recurrence
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Proof: Convergence of Heavy Ball

t+1 *
W — w
Lt — [ . . ] c R2d J

w —w

rrl ',wt—l—l _ w*]

[As<wt —w*) — Bw ! - w*)]

Simple recurrence!



Proof: Convergence of Heavy Ball

t+1 *
W — w
Lt — [ . . ] c R2d J

w —w

rrl 'wt—l—l _ w*]

[As<wt —w*) — Bw ! - w*)]

0 W —w
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— 7 0 < Simple recurrence!
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A, -1
o< |1 ||zt||J
/

\
Y




Proof: Convergence of Heavy Ball

B I w]“ |zt|J

Al = max (A
EXE on Eigenvalues:
4 L —
If 4 = and g= YEZVE 4o
(VL + /i) VL+ /i

i | =




Proof: Convergence of Heavy Ball

B I m]“ |zt|J

JAl = max_|A(A)

1+ 6)1 -~ V2 f(w?)

EXE on Eigenvalues: s=0
4 L —
If 4 = and 5= YEZVE 4o
(VL + /1) VL + /i
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Adding Momentum to SGD | & Gt romi,

1986, Nature

Stochastic Heavey Ball Method:
Wt = wt oy V5, () + B! — ')

| |

Adds “Inertia” to update

SGD with momentum (SGDm):

m' = pm' ™ + Vfj, (w')

wt+1:wt—7mt -
Sampled i.i.d
jed{l,...,n}

. 1
J "~y




SGDm and Averaging
m' = fm'~' + V[, (w')
= Bm' 72+ V[, (w') + BV f,_, (w)
— 22:1 ﬁivfjt—i (wt_i)

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
m' = pm'T+ Vfj, (w')
= Bm' T2V (w) + BV S (')
= 22:1 BV fj,_i (W) m® =0

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
m' = pm'T+ Vfj, (w')
= Bm' T2V (w) + BV S (')
= 23:1 BV fj,_i (W) m® =0

SGD with momentutm (SGDm):

W= w3 VS ()
1=1

)

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
m' = AmT 4V, (wh)
= Om' 72+ V5, () + BV fj (')
2;1 BV fj,_i (W) m® =0

SGD with momentutm (SGDm):

W= w3 VS ()
1=1

)

Acts like an approximate variance reduction since

http://fa.bianp.net/teaching/2018/COMP-652/stochastic gradient.html



SGDm and Averaging
m' = Bm'™t +Vfj, (w')
= Bm' T2V (w) + BV S (')
= Z§:1 BV fj,_i (W) m® =0

SGD with momentutm (SGDm):

W= w3 VS ()
1=1

Acts like an approximate variance reduction since

t

> BV (' §j =~V fi(w

1=1
http://fa.bianp.net/teaching/2018/COMP - 652/stochast1c_grad1ent.html



RMG, Nicolas Loizou, Xun Qian, Alibek Sailanbayey,
Egor Shulgin and Peter Richtarik (2019), ICML
SGD: general analysis and improved rates

RMG, P. Richtarik, F. Bach (2018), preprint online
Stochastic quasi-gradient methods: Variance
reduction via Jacobian sketching

N. Gazagnadou, RMG, J. Salmon (2019) , ICML 2019.
Optimal mini-batch and step sizes for SAGA

O. Sebbouh, N. Gazagnadou, S. Jelassi, F. Bach, RMG
Neurips 2019, preprint online. Towards closing the
gap between the theory and practice of SVRG




	Slide 1
	page3 (1)
	page3 (2)
	page4 (1)
	page4 (2)
	page4 (3)
	page4 (4)
	page6 (1)
	page6 (2)
	page6 (3)
	page6 (4)
	page6 (5)
	page6 (6)
	page6 (7)
	page6 (8)
	page6 (9)
	page7 (1)
	page7 (2)
	page7 (3)
	page7 (4)
	page8 (1)
	page8 (2)
	page8 (3)
	page8 (4)
	page8 (5)
	Slide 28
	page10 (1)
	page10 (2)
	page10 (3)
	page10 (4)
	page11 (1)
	page11 (2)
	page11 (3)
	page11 (4)
	page12 (1)
	page12 (2)
	page12 (3)
	page12 (4)
	Slide 41
	page14 (1)
	page14 (2)
	page14 (3)
	page14 (4)
	page15 (1)
	page15 (2)
	page15 (3)
	Slide 49
	Slide 50
	page19 (1)
	page19 (2)
	page20 (1)
	page20 (2)
	page20 (3)
	page21 (1)
	page21 (2)
	page21 (3)
	page21 (4)
	page21 (5)
	page22 (1)
	page22 (2)
	page22 (3)
	page22 (4)
	page22 (5)
	page22 (6)
	page22 (7)
	page23 (1)
	page23 (2)
	page23 (3)
	page23 (4)
	page24 (1)
	page24 (2)
	page24 (3)
	page24 (4)
	page24 (5)
	page25 (1)
	page25 (2)
	page25 (3)
	page25 (4)
	Slide 82
	Slide 86
	Slide 87
	page32 (1)
	page32 (2)
	page32 (3)
	page32 (4)
	page32 (5)
	page33 (1)
	page33 (2)
	page33 (3)
	page33 (4)
	page33 (5)
	page34 (1)
	page34 (2)
	page34 (3)
	page34 (4)
	page34 (5)
	page34 (6)
	Slide 104
	page36 (1)
	page36 (2)
	page36 (3)
	page36 (4)
	Slide 109
	Slide 110
	Slide 111
	page40 (1)
	page40 (2)
	page40 (3)
	page40 (4)
	page41 (1)
	page41 (2)
	page41 (3)
	page41 (4)
	page41 (5)
	page42 (1)
	page42 (2)
	page42 (3)
	page42 (4)
	page43 (1)
	page43 (2)
	page43 (3)
	page43 (4)
	page45 (1)
	page45 (2)
	page45 (3)
	page46 (1)
	page46 (2)
	page46 (3)
	page46 (4)
	page46 (5)
	page46 (6)
	page47 (1)
	page47 (2)
	page47 (3)
	page47 (4)
	page47 (5)
	page48 (1)
	page48 (2)
	page49 (1)
	page49 (2)
	page50 (1)
	page50 (2)
	Slide 153
	Slide 154
	Slide 155
	Slide 156
	page55 (1)
	page55 (2)
	page56 (1)
	page56 (2)
	page56 (3)
	page56 (4)
	page56 (5)
	page57 (1)
	page57 (2)
	page58 (1)
	page58 (2)
	page58 (3)
	page58 (4)
	page58 (5)
	page59 (1)
	page59 (2)
	page59 (3)
	page59 (4)
	page59 (5)
	page59 (6)
	page60 (1)
	page60 (2)
	page60 (3)
	Slide 180
	page62 (1)
	page62 (2)
	page62 (3)
	page62 (4)
	page62 (5)
	Slide 188

