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Reterences for this class

Sébastien Bubeck (2015)

Foundations and Trends
Section 6.3: dent Convex O.ptimization: Algorithms and
- Complexity

. M. Schmidt, N. Le Roux, F. Bach (2016),
\ Mathematical Programming Minimizing
e Finite Sums with the Stochastic Average
obe

— Gradient.

RMG, P. Richtarik and Francis Bach (2018)

Stochastic quasi-gradient methods:
i variance reduction via Jacobian sketching
ope

How to transform Section 1.3.5, R.M. Gower, Ph.d thesis: Sketch and
convergence results into - - Project: Randomized Iterative Methods for Linear Systems
iteration complexity A and Inverting Matrices University of Edinburgh, 2016




Solving the Finite Sum Tralnlng

Problem




Optimization Sum of Terms

A Datum Function

fi(w) =€ (hy(2"),y") + AR(w)

Z€ (hw(azi),yi) + AR(w) = 2 Z
— 1 Zfz

Finite Sum Training Problem

) + AR(w))



SGD shrinking stepsize

SGD 1.0: Descreasing stepsize
Set w® = 0, choose ay > 0, ay = \/ﬁTl’
fort=0,1,2,..., 7T —1
sample 7 € {1,...,n}
wt = w! — ; V f;(w?)
Output w?’

Convergence for Strongly Convex
* f(w)is A - strongly convex

* Subgradients bounded

w=0(5) = Ef@H-fw)=0(57)



SGD recap

SGD 1.0: Descreasing stepsize
Set w® =0
Choose ax > 0, ay — 0, Y .~ gy = 0
fort=0,1,2,..., T —1
sample 7 € {1,...,n}
wt = w! — oV f(w?)
Output w!

SGD Theory

o= O (L> o Elut—w2<O0 <1>
t+1 t



SGD initially fast, slow later

Convergence plot
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Can we get best of both?

Convergence plot
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Variance reduced methods




Build an Estimate of the Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ Vf(w®) =



Build an Estimate of the Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ Vf(w®) =

t+1 t

wt = w' — agt



Build an Estimate of the Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ Vf(w") =

witl — ot agt

We would like gradient estimate such that:

Similar gt ~ Vf(wt)

s Ellg" = Vf(w)llz — 0

t— 00



Build an Estimate of the Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ Vf(w") =

wtt! = wt — agt
Typically unbiased
We would like gradient estimate such that: E[g"] = Vf(w’)
Similar gt ~ Vf(wt)
Converges t t\||2
n L2 Ellg" — V f(w")]|3 — 0

t— 00



Build an Estimate of the Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ Vf(w") =

Wil = wt — agt
Typically unbiased
We would like gradient estimate such that: E[g"] = Vf(w’)
. Solves problem of
Simil t ~ t
e g = Vfw) E||VJ;(w)|}3 < B2
Converges t t\||2
in L2 Ellg" — Vf(w")|[3 — 0

t— 00



Covariates

Let z and z be random variables. We COV(ZE', Z) > ()

say that r and z are covariates if:

r, =x — z+ E|z]

Variance Reduced Estimate:



COVa riates cov(z, z) := E[(x — E[z])(z — E[z])]

Let z and z be random variables. We COV(CE, Z) > ()

say that r and z are covariates if:

r, =x — z+ E|z]

Variance Reduced Estimate:

EXE:
1. Show that E|x,| = E|x]

2. VAR[z,] = E[(z, — E[z.])?] =?
3. When is VAR|z,| < VAR|z]



Cova riates cov(z, z) := E[(x — E[z])(z — E[z])]

Let x and z be random variables. We COV(CC, Z) > ()

say that r and z are covariates if:

r, =x — z+ E|z]

Variance Reduced Estimate:

EXE:
1. Show that E|x,| = E|x]
2. VAR[z,] = E[(z, — E[z,])?] =?
3. When is VAR|z,| < VAR|z]
E[(z. — E[z.])?] = E[(z—E[z] - (2 — E[2]))?]
= E[(z — E[2])°] - 2E[(z — E[z])(z — E[2])]
+E[(z - E[Z])Q]
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SVRG: Stochastic Variance Reduced
Gradients

,wt—l—l _ ,wt . Oégt
Reference point W E ]Rd
Sample Vfi(w"), ie€{l,...,n} uniformly

grad estimate gt — sz (’wt) — sz (QZ)) + Vf(’lb)

:Uz —_— €T — Z, ‘l— E[Z]



SVRG: Stochastic Variance Reduced

Gradients
Set w® = 0, choose a > 0,m € N
w’ = w
fort=20,1,2,...,T —1 - ; ,
_ reeze reirerernce pOlIlt
calculate Vf(wt) for m iterations
w? = w!

for k=0,1,2,....m—1
sample ¢ € {1,...,n}
g* = Vfi(w*) = Vfi(0") + V f(0')
Wkt =k — o g*
Option I: wiT! = w™
Option IT: @t = 1 577t gy
Output w!




SAGA: Stochastic Average Gradient
unbiased version

pttl — ot agt

Sample Vfi(wt), 1 E {1, . ,n} uniformly

grad estimate

g' = vfi(w ) — V fi(w = vaj

r,= T — Zz + E|z]

store gadient U fy(w!) = Vfi(w),  Viwi) = Vi(w))
Vi £ i



SAGA: Stochastic Average Gradient

Set w’ =0,g9; = Vf;(w®), fori=1...,n
Choose o > 0
fort=0,1,2,..., 7T —1
sample ¢ € {1,...,n}
9" =Vfi(w") —gi+ = Z?:l g;
wtt! = wt — agt
g9; = V f;(wy)
Output w’

dXn



SAGA: Stochastic Average Gradient

Set w’ =0,g9; = Vf;(w®), fori=1...,n
Choose o > 0
fort=0,1,2,..., 7T —1
sample ¢ € {1,...,n}
9" =Vfi(w") —gi+ = Z;g g;
wtt! = wt — agt
g9; = V f;(wy)
Output w’

“ No inner loop, rolling update ,l Stores a d X nmatrix



SAG: Stochastic Average Gradient
(Biased version)

t+1 t

wt = w' — agt

Sample Vfi(w"), ie€{l,...,n} uniformly

Store gradient Vii(wi) = Vfi(w'), Vfi(wi™) =V fi(w})
Vi i

=13 vh ) Elgl] £ V)
j=1

grad estimate

Ty, = L =T E|z]




SAG: Stochastic Average Gradient

EXE: Introduce a variable G =

Set w® =0,9; = Vf;(w?), fori=1,...,n
Choose a > 0
fort=0,1,2,..., 7 —1

Sample 1L E {1, ...,n}

= V/fi(w") (update grad)

t =1 Z] lg]

th —w — agt
Output w’

dXn

(1/n) > -1 gj - Re-write the SAG

algorithm so G is updated efficiently at each iteration.




SAG: Stochastic Average Gradient

Set w¥ =0,g9; = Vfi(w?), fori=1,...
Choose o« > 0
fort=0,1,2,..., 7 —1

Sample 1L E {1, ...,n}

= V fi(w?) (update grad)
t = = Z] 195

th w' — agt

Output w’

s T

“ Very easy to implement

,l Stores a d X M matrix

EXE: Introduce a variable G = (1/n)>_._, g; . Re-write the SAG

algorithm so G is updated efficiently at each iteration.




LY 1) 1 1 1

=Of

O a=0.1

The Stochastic Average Gradient
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radient
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How to prove this converges? Is this the only option?



Stochastic Gradient Descent
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Convergence Theorems




Assumptions for Convergence

Strong Convexity

Flw) > Fl) + (V7). w — ) + oo — 3

Smoothness + convexity

Folw) + {9 Fulw)ow — ) < Fulw) < Fily) + (VFilw)w — ) + 2w — ]
forte=1,...,n
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L f(w)

1 ot A
2. f(w)=gzln(1+e 7 ’@>)+§HwH§
1 =1



Convergence SVRG

Theorem
If f(w) is A=strongly convex, f;(w) is Lyax—smooth

If o =1/10Lyax and m = 20L,,,4 /A then

Need O(Lyax/A) inner iterations to have linear convergence

In practice use @ = 1/Lmax, m=n

Johnson, R. & Zhang, T. Accelerating Stochastic

Gradient Descent using Predictive Variance
. Reduction, NIPS 2013
Adobe




Convergence SAG

Theorem SAG

If f(w) is A=strongly convex, f;(w) is Lyax—smooth

and o = 1/(16L,ax) then

t
E [|jw* —w*||3] < (1— min ! A Co
A= 81" 16 Lmax

3 4L
0 * max 0 * |2
where Co = = (f(u®) = f(w")) + =2 [l — w*|3 > 0
A practical Because of biased gradients, difficult proof
convergence result! that relies on computer assisted steps

M. Schmidt, N. Le Roux, F. Bach (2016)

Mathematical Programming
o Minimizing Finite Sums with the Stochastic Average
obe

Gradient.




Convergence SAGA

Theorem SAGA
If f(w) is A=strongly convex, f;(w) is Lyax—smooth
and o = 1/(3Lax) then

t
E [||w® — w*||3] < (1— min ! A Co
21 = 4n" 3Lmax

2n
SLmaX

where Cy = (f(w?) = fw*)) + ||Jw® — w*||3 >0

An even more practical

convergence result! Much easier proof due to unbiased gradients

A. Defazio, F. Bach and J. Lacoste-Julien (2014)
NIPS, SAGA: A Fast Incremental Gradient Method
o With Support for Non-Strongly Convex Composite
one

Objectives.




Comparisons in complexity for strongly
convex

Approximate solution

E[f(w")] — f(w") <e or Efu'—w'|*<e

SGD Gradient descent SVRG/SAGA/SAG
Liax nL 1 Lax 1
o(5e) o(xe (D) ol (0)

Variance reduction faster than GD when L> X+ Liyax/n

How did I get these Section 1.3.5, R.M. Gower, Ph.d thesis: Sketch and
complexity results from z ~ Project: Randomized Iterative Methods for Linear Systems
the convergence results? “Aeke and Inverting Matrices University of Edinburgh, 2016




Practicals implementation of SAG
for Linear Classifiers

° . L2 1 1 _|_
Finite Sum Trammg Problem regularizor

linear hypothesis

mm—Zf w,z'),y") + 3 [w||3



Practicals implementation of SAG
for Linear Classifiers

° . L2 1 1 _|_
Finite Sum Trammg Problem regularizor

linear hypothesis

mm —ZE w, T ,y %HwH%

Vfi(w) = E’((w,az ),y )zt 4+ Aw



Practicals implementation of SAG
for Linear Classifiers

° . L2 1 1 _|_
Finite Sum Trammg Problem regularizor

linear hypothesis

mm—D w,z'),y") + 3 [w||3

Y 0) = €, +

Y -

Nonlinear Linear
in w n w




Practicals implementation of SAG
for Linear Classifiers

o« o L2 lari
Finite Sum Tralmng Problem eI EIAOL S

linear hypothesis

mm—D w, ), y) + 2| |wl|3

Vfi(w) = {’(<w,aj Y+

Y -

Nonlinear Linear
n w in w

Only store real number Bi = 6’((w§, $i>, yz)
Reduce p ; ,
Storage Stoch. gradient estimate Vi (wz) = B;x" + Aw
n

to O(n)
t 1 t
Full gradient estimate g =5 E Bz + Aw



Take for home Variance
Reduction

* Variance reduced methods use only one stochastic gradient per

iteration and converge linearly on strongly convex functions
* Choice of fixed stepsize possible

* SAGA only needs to know the smoothness parameter to work, but

requires storing n past stochastic gradients

* SVRG only has O(d) storage, but requires full gradient
computations every so often. Has an extra “number of inner

iterations” parameter to tune



_ Proving Convergence of SVRG




Proof:

[w =i = [lw® —w* = ag®)[5
= " — w5 - 20(g", 0" — w*) + o?||g"||3.
Taking expectation with respect to j Unbiased estimator
Ej [l —wl3] = o = w5 = 2({Vf(w"), w* —w) + a’E; [[|g"]]3]

L et — | — 20(f(wF) — F(w*)) + 02K, [llg*]13]

Must

k(12
control this! oy [||g ||2]



Smoothness Consequences |

Smoothness

f(w) < F) + (V@) w—9) + g llw gl fori=1,...n

EXE: Lemma 1 ] ]
fly=VIW) = f) < =7 IVFWIE vy

Proof:

1
Substituting w = y — ZV f(y) into the smoothness inequality gives

Fl—2V5W) ~ F) < (VW) —7VFW) + 51— Vw3
= L IVIWI3



Smoothness Consequences ||

Smoothness
L )

filw) < fiy) + (Vi) w —y) + <7 llw = yll3, fori=1,...,n

EXE: Lemma 2
E[||V fi(w) = V fi(w*)][3] < 2Lmax (f(w) — f(w"))

Proof: Let g;(w) = fi(w) — f;(w*) — (V fi(w*),w — w*) which is L;~smooth.



Smoothness Consequences ||

Smoothness
L )

filw) < fiy) + (Vi) w —y) + <7 llw = yll3, fori=1,...,n

EXE: Lemma 2
E[||V fi(w) = V fi(w*)][3] < 2Lmax (f(w) — f(w"))

Proof: Let g;(w) = fi(w) — f;(w*) — (V fi(w*),w — w*) which is L;~smooth.



Smoothness Consequences ||

Smoothness
L;

filw) < fiy) + (Vi) w —y) + <7 llw = yll3, fori=1,...,n

EXE: Lemma 2
E[||V fi(w) = V fi(w")|3] < 2Lumax(f(w) = f(w"))

Proof: Let g;(w) = fi(w) — f;(w*) — (V fi(w*),w — w*) which is L;~smooth.

Convexity of f;(w) = g;(w) > 0 for all w. From Lemma 1 we have

1 1 1
gi(w) > gi(w) — gi(w — L—ngi(w)) > 57 |Vgi(w)]]5 > T 1Vgi(w)]]5
Insertilng definition of g;(w) we have —
57 |V fi(w) = V fi(w")|[5 < fi(w) — filw*) = (V f;(w*),w — w*)

Result follows by taking expectation of 7.




Bounding gradient estimate

EXE: Lemma 3
E[||g"|I3] € 4Lmax(f(w®) = f(w")) + 4Lmax(f(@") — f(w"))

Proof: Hint: use ||a + b||3 < 2||a||5 + 2||b||3 and Lemma 2

Where we used in the first inequality that E[||X — EX||3] < E[||X]||3]
with X = Vf;(w*) — Vf;(@0') thus E[X] = =V f (o)



Bounding gradient estimate

EXE: Lemma 3
E[||g"|I3] € 4Lmax(f(w®) = f(w")) + 4Lmax(f(@") — f(w"))

Proof: Hint: use ||a + b||3 < 2||a||5 + 2||b||3 and Lemma 2

Where we used in the first inequality that E[||X — EX||3] < E[||X]||3]
with X = Vf;(w*) — Vf;(@0') thus E[X] = =V f (o)



Bounding gradient estimate

EXE: Lemma 3
E[||g"|I3] € 4Lmax(f(w®) = f(w")) + 4Lmax(f(@") — f(w"))

Proof: Hint: use ||a+ b|3 < 2|al|3 + 2||b||3 and Lemma 2
E;illlg*13] = E;[lIVfi(w®) = Vfi(w*) + Vfi(w*) = V fi(@") + V f(@")|[3]
< 2E[||[VSi(w®) = Vfi(w)[3] + 2B, [[|V fi(w*) = V fi(@") + V f(@")] 3]
< 2BV fi(w®) = V fi(w*)][3] 4 2B (|| V fi(w*) = V fi(@")][3]
= ALmax (f(0") = f(w*) + f(@") — f(w")) =

Lemma 2

Where we used in the first inequality that E[||X — EX||3] < E[||X]||3]
with X = Vf;(w*) — Vf;(0*) thus E[X] = =V f (@)



Proof:

[w =i = [lw® —w* = ag®)[5
= " — w5 - 20(g", 0" — w*) + o?||g"||3.
Taking expectation with respect to j Unbiased estimator
Ej [l —wil5] = flw* —w[]f - 2a(V ("), w* —w*) + ’E; [[|g"][3]

L et — | — 20(f(wF) — F(w*)) + 02K, [llg*]13]

Must
control this!

E[l|g°[3] < 4Lmax(f(w") = f(w")) + 4Lmax(f (@") = f(w"))



Proof (continued I):

[w =i = [lw® —w* = ag®)[5
= " — w5 - 20(g", 0" — w*) + o?||g"||3.
Taking expectation with respect to j Unbiased estimator
E; [[lwtt —w 5] = " —w[[§ = 2a(Vf(w"),w" —w) + o?E; [[|g"|13]

< [t = w3 = 2a(f (W) = f(w")) + ®E; [|l9"|13]

S ’ wk’ — w* % — 2@(1 - ZaLmaX)(f(wk) o f(w*))



Proof (continued I):

[kt —w*|f = [Jw* —w" —ag")|3
= [Jw* —w*|]3 - 2a(g", w" — w*) + a?||g"]]3.
Taking expectation with respect to j Unbiased estimator
Ej [[lwt —w*3] = [Jw* —wf - 2a(V f(w"), w* —w*) + ®E; [||g"]|3]
conv.
< lw® = w3 = 2a(f(w) = f(w*)) + ?E; |||9"]]3]
<l = w3 = 2001 — 20 Limax) (f (w*) — f(w*))
+40® Linax (f(@0") — f(w"))
Taking expectation and summing from £k =0,...,m — 1 gives

E[[lwm—w)3] < E[[lw—w3] - 2a(1 = 20 Lma) B35 (f(wh) = f(w*))]

—|—4mCY2LmaXE [f(wt) — f(w*)]



Proof (continued II):
E[[lw™ —w3] < E[lw®—w ] = 2a(1 = 20 Luna) B35 (f(w*) = fw*))]

+4ma® Ly E [f(@t) — f(w™)]



Proof (continued II):
E[|[w™—w*|]3] < E[|jw”—w*3] —2a(l — 2aLmax)E]|

+4ma® Ly E [f(wt) — f(w™)]

Re-arranging and using strong convexity f(@') — f(w*) > =



Proof (continued II):

E[[lw™ —w3] < E[[Jw’—w3] = 2a(1 = 20Luax)E[-15, (F (wF) = f(w*))]

+4ma® Ly E [f(wt) — f(w™)]

Re-arranging and using strong convexity f(w') — f(w*) >

20(1 — 20 Linax ) B[S 1y (f(w®) — f(w*))]

w

0

W

t

<

IA

E [[|w® - w*||3] - E [|[w™ — w*|[3]
‘|’4mOé2LmaXE [f(wt) - f(w*)]

ATHE[f(a") — f(w")]

2(2ma? Lypax —



Proof (continued II):
E[[lw™ —w3] < E[lw®—w ] = 2a(1 = 20 Luna) B35 (f(w*) = fw*))]

+4ma® Ly E [f(wt) — f(w™)]

Re-arranging and using strong convexity f(w') — f(w*) > Z||w" — w*||3

20(1 = 20 Lina) B[S0 (F(F) = fw*))] < E [Jlud — w|)3] — E [flo™ — w*|3]
W0 = it 40 Ly B [ (1) — f(w")]
< 2(2ma? Loy — AHE () — f(w*)]

Re-arranging again

) — < _
k:O k=0
Jensen’s 20l 1
. . < max E ~t\ *
inequality < (1 ool + Na(l = 2aLmaX)m> [f(w ) — f(w )}

Now plug in values o« = 1/(10Lax) and m = 20Lyax /A u



Proof (continued II):
E[[lw™ —w3] < E[lw®—w ] = 2a(1 = 20 Luna) B35 (f(w*) = fw*))]

+4ma® Ly E [f(wt) — f(w™)]

Re-arranging and using strong convexity f(w') — f(w*) > Z||w" — w*||3

20(1 = 20 Lina) B[S0 (F(F) = fw*))] < E [Jlud — w|)3] — E [flo™ — w*|3]
W0 = it 40 Ly B [ (1) — f(w")]
< 2(2ma? Loy — AHE () — f(w*)]

Re-arranging again

) = < _ =7/8
k:O k=0
J = — =
ensen’s 2L 1
. . < max E ~t\ *
inequality < (1 ool + Na(l = QCKLmax)m> [f(w ) — f(w )}

Now plug in values o« = 1/(10Lax) and m = 20Lyax /A u
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