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Solving the Finite Sum Tralnlng

Problem




Recap

Training Problem

min —Zf ') + AR(w) =: f(w)

weR n
L= vz )

L(w)

General methods e Gradient Descent
min f(w)

Two parts - * ZISO’;‘(K?M gradient
min L(w) + AR(w)

* Fast proximal
gradient (FISTA)




Optimization Sum of Terms

A Datum Function

fi(w) =€ (hy(2"),y") + AR(w)

%Zﬁ(hw(azi),yi)—k)\R(w) — 12
— 1 Zfz

Finite Sum Training Problem

Can we use this
sum structure?

) + AR(w))



The Training Problem

Solving the training problem: min % Z fi(w)

Reference method: Gradient descent

\% (% Zfi(w)> = %vai(w)

Gradient Descent Algorithm

Set w® = 0, choose a > 0.
fort=0,1,2,...,T —1

wt—H_w __Zz 1vfz( )
Output w!




Solving the training problem: min = Z fi(w)

Problem with Gradient Descent:
Each iteration requires computing a gradient V f;(w) for
each data point. One gradient for each cat on the internet!

Gradient Descent Algorithm

Set w® = 0, choose a > 0.
tort=0,1,2,...,7T

wt+1—w __Zz | Vfi(w ‘)
Output w!




Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then

E, [V f;(w ZW} = Vf(w)

Use Vf;(w) = V f(w)

EXE: = .
Let sz- =1 and j ~ p;. Show E[V f;(w)/(np;)]

1=1

~Vf(w)



Stochastic Gradient Descent

SGD 0.0 Constant stepsize
Set w® =0, choose a > 0

fort =0,1,2,..., T —1
sample 7 € {1,...,n}
wt = wt — aV f;(w?)

Output w?




Stochastic Gradient Descent
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Assumptions for Convergence

Strong Convexity

F() > () + (Vf(w).y —w) + 5y~ w3, Yoy

2(V f(w),w —w") > Mw - w*[|3

Expected Bounded Stochastic Gradients
E;[||[Vf;i(wh)]|3] < B?, for all iterates w’ of SGD



Complexity / Convergence

Theorem

f0o<a< s then the iterates of the SGD 0.0 method satisty

0%
E [[lw’ —w"[l5] < (1 —aA)|[w’ —w"[) + +B°

Shows that o &~ % Shows that o =~ 0



Proof:
lw'™ —w*|]5 = |[Jw" —w* —aVfj(w)|]3
= |Jw' —w*|[5 = 2a(V fj(w"), w" — w*) + ||V f;(w)][5.

Taking expectation with respect to j Unbiased estimator

Ej [[lw™ —w*|3] = [lw'—w|5 —2a(V f(w'), w" —w*) + a?E; |||V f;(w)|[3]
< wt —w*||3 = 20V f(wh), w — w*) + o B?

Strong conv. < (1—oaN)||lwt —w*||3 + o?B?
Bounded

Taking total expectation Stoch grad

E[[lw™ —w*|l5] < (1-alE[[[w"—w[[3] +a?B?

= (1= o) Juw® — w5 + X (1 — ad)'a’ B
t

1 —(1—aNtt 1
Using th tri i 1—a)\)'=
sing the geometric series sum ;( al) ) )

(1= aX) Hw? — w5 + § B

IA

IA

E [|lw™ — w[[3]



Stochastic Gradient Descent
a =0.01




Stochastic Gradient Descent

a =0.1
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Stochastic Gradient Descent
a =0.2




Stochastic Gradient Descent
a =0.5
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Assumptions for Convergence

Strong Convexity

F() > () + (Vf(w).y —w) + 5y~ w3, Yoy

I
2(Vf(w),w —w") = AMw —w”||3

Expected Boulttded=Stgchastic Gradients

I [|| 7 f it B, for atttterates w’ of SGD



Realistic assumptions for
Convergence

Strongly quasi-convexity

Fu) > () + (V) w —w)+ 2l —wl Ve

Each f; is convex and L, smooth 7
fily) < filw) +(Vfi(w)y —w) + Zlly —wl, Vu

Lmax — Imnax Lz
1=1,...,n

Gradient Noise

E;[||V.f;(w)lf2] < o



Realistic assumptions for
Convergence

Strongly quasi-convexity

Fu) > () + (V) w —w)+ 2l —wl Ve

Each f; is convex and L, smooth 7
fily) < filw) +(Vfi(w)y —w) + Zlly —wl, Vu

Lmax — Imnax Lz
1=1,...,n

Gradient Noise

E;[||V.f;(w)lf2] < o



1 A 1,1 A
Lo fw) = o-llAw =yl + Sllll3 = - (G (ATw - 50) + FllwlB)

Assumptions for Convergence

EXE: Calculate the LZ. ’s and Lmaw for

1 A
L fw) = 5| Aw -yl +

ATl

HINT: A twice differentiable f, is L - smooth if and only if
Vifilw) 2 LI & o' Vifi(wv < Liflv|?, Yo



1,1 A
L f(w)=—||Aw yll3 + 5 || 13 = Z(g(AZw—yi)ergllwII%)

Assumptions for Convergence

EXE: Calculate the LZ. ’s and Lma:C for

1 A
L fw) = ol Aw =yl + 5wl

HINT: A twice differentiable f, is L - smooth if and only if
Vifilw) 2 LI & o' Vifi(wv < Liflv|?, Yo

A 1 1

1
L flw) = o-|lAw —yllz + §HwH§ = —Z(§(AT%U —yi)°

n

=—Zﬂ

A

+Zll)



1,1 A
L f(w)=—||Aw yll3 + 5 || 13 = Z(g(AZw—yi)ergllwII%)

Assumptions for Convergence

EXE: Calculate the LZ. ’s and Lma:C for

1 A
L f(w) = o[l Aw =yl + J w3

HINT: A twice differentiable f, is L - smooth if and only if
Vifilw) 2 LI & o' Vifi(wv < Liflv|?, Yo

n

1 A 1N 1
Lo fw) = ~|lAw —yll5 + Sllwll; = —Z(—(ATUJ—%V

n 4 2

=—Zﬁ

A

+Zll)



1.

1,1 A
f(w)=—||Aw yll3 + 5 || 13 = 2(5(A1w—yi)2+§llw||§)

Assumptions for Convergence

EXE: Calculate the LZ. ’s and Lmaz for

1 A
L f(w) = o[l Aw =yl + J w3

HINT: A twice differentiable f, is L - smooth if and only if
Vifilw) 2 LI & o' Vifi(wv < Liflv|?, Yo

1 A 1 v 1
Lo f(w) = o-llAw = yl3 + Sl = = 3 (5 (AT w—y:)’
i 1
— _Zfz

Lmax = max ([AxlB+X) = max || Az} + A

A

+Zll)



Assumptions for Convergence

EXE: Calculate the Lz. ’s and Lmax for

1 s A
2. f(w)=gzln(1+e 7 ”>)+§|le|%
1=1



Assumptions for Convergence

EXE: Calculate the LZ. ’s and Lmax for

1 s A
2. f(w)=gzln(1+e 7 ’1>)+§|le|%
1=1

A
2. fi(w) =1In(1 + e_yi<w7ai>) 4 §H’UJH§7



Assumptions for Convergence

EXE: Calculate the LZ. ’s and Lmagj for

1 A
2. = =) In(1+ e ¥ilwedy 4 S |jwl|3
) =1 Y (e )+ Sllwll3
—yi(w,a;) A 2
2. fi(w) =1In(1+4 e ¥\ %/) + §\|wl|2,
vf’b(w) T 1_|_6—yi<w,a¢> —|—)\’LU
2p 1 (A gevitwaneyilwan o gm2yi{w,ai)
\% fz(w) — A4 < (1 + e—yi<w,az’>)2 (1 + e—yi<w,ai>)2 + Al

e_yi <w7a’i>

— a.a.) =<
ke (1 + e~ yilw,ai))2 tAL 2 (

[lai] 13
4

+)\>I:Lil



Relationship between smoothness
constants

EXE: Let f(w) be convex. Show that f(w) is L-smooth with
L = m%}g Amax (V2 f(w))

we

Thus f;(w) is L;—smooth with L; = max Amax (V2 fi(w))

Show that 1 <& we
L < =) Li < Lupax:= max L
n 1=1



Relationship between smoothness
constants

EXE: Let f(w) be convex. Show that f(w) is L—smooth with
L = max Amax(V2f(w))
R4

we
Thus f;(w) is L;—smooth Wlth L; = max Amax (V2 fi(w))
Show that wes
L < ﬁ Z Lz < Lmax ‘= z:nll,ax,n Lz

Proof: From the Hessian definition of smoothness
VQf(w) = AmaX(VQf(w))I = m%}g )‘maX(VQf(w))I

we

Furthermore

1
Amax (V2 f(w)) = Amax ( ZV%‘; ) Z)\max (V2 f;(w)) < - Z

The final result now follows by taking the max over w, then max over



Complexity / Convergence

Theorem

fo<a< 2Lr1na then the iterates of the SGD 0.0 satisfy

2
E [[[w’ - w*[3] < (1= aN)'[[uw® - w*||3 + S0

EXE: The steps of the proof are given in a exercise list for homework!

: RMG, N. Loizou, X. Qian, A. Sailanbayey, E. Shulgin, P.
Richtarik (2019) arXiv:1901.09401
Adobe

SGD: General Analysis and Improved Rates.




Stochastic Gradient Descent
a =0.5
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Stochastic Gradient Descent

a =0.5

2.5
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1) Start with

big steps and
end with

smaller steps



Stochastic Gradient Descent

a =0.5




SGD shrinking stepsize

SGD 1.0: Descreasing stepsize
Set w' =0
Choose ax > 0, ay — 0, Y .~ gy = 0
fort=20,1,2,..., T —1
sample 7 € {1,...,n}
wi T = w! —  V f; (w?)
Output w?’

Shrinking
Stepsize



SGD shrinking stepsize

SGD 1.0: Descreasing stepsize
Set w' =0
Choose ax > 0, ay — 0, Y .~ gy = 0
fort=20,1,2,..., T —1
sample 7 € {1,...,n}
wi T = w! —  V f; (w?)

Output w!
Shrinking
How shquld we Stepsize How fast a; — 07
sample 7 7

Does this converge?



SGD with shrinking stepsize
Compared with Gradient Descent

Convergence plot

i
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_ Gradient Descent

Loss function
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J 2000 4000 6000 8OO0 10000 12000 14000
# SGD iterations




SGD with shrinking stepsize
Compared with Gradient Descent

Distance to the minimum

1'I]“:

101 1

Convergence plot
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Complexity / Convergence

Theorem for shrinking stepsizes

Let K := Luyax/ v and let

(o for ¢<4[K]
\ (t%fi)éu for t>4[K].
If t > 4[], then SGD 1.0 satifies
28 16 [K|?
EHwt—w*Hz U__ ( —‘ Hwo_w*HQ




Complexity / Convergence

Theorem for shrinking stepsizes

Let K := Luyax/ v and let

= for t<4[K]

\ (t%:i)é# for t>4[K].
If t > 4[], then SGD 1.0 satifies ot =0(1/ (t+ 1))
28 16 [K]?
Ellw’ — w*|? < =2 K Jw® — w*||?




Complexity / Convergence

Theorem for shrinking stepsizes

Let K := Luyax/ v and let

t ( : Lrlnax for ¢t <4[K]
o' = <\ i for > 4[K].
If t > 4[], then SGD 1.0 satifies ot =0(1/(t+1))
2 2
E|jw! — w*|? %% jﬁ “fj Jw? — w*|

In practice often o' = C/ (t + 1) where C is tuned



Stochastic Gradient Descent
Compared with Gradient Descent

Convergence plot

i

107

_ Gradient Descent

Loss function

1071 A

J 2000 4000 6000 8OO0 10000 12000 14000
# SGD iterations




SGD with (late start) averaging

SGDA 1.1
Set w¥ =0
Choose ay > 0, ay — 0, > .~ gy = o0
Choose averaging start sp € N
fort=0,1,2,..., 7T —1
sample 7 € {1,...,n}
wtt = wt — a, V f(w?)

if t > sg
— 1 t t
w = t—SO Z’i:SQ W
else: w = w
Output w

and Optimization (1992)

ﬁ B. T. Polyak and A. B. Juditsky, SIAM Journal on Control
Adob Acceleration of stochastic approximation by averaging




SGD with (late start) averaging

SGDA 1.1

Set w¥ =0

Choose ay > 0, ay — 0, > .~ gy = o0
Choose averaging start sp € N
fort=20,1,2,...,T —1

Sample ] S {17 SR ,Tl} This is not

’UJt+1 — fwt —_ Oétvfj (’wt) efficient. How to
make this efficie

if t > sg
— 1 t t
W = t—SO Z’i:SQ W
else: w = w
Output w

nt?

B. T. Polyak and A. B. Juditsky, SIAM Journal on Control
.ijq and Optimization (1992)
Adobe

Acceleration of stochastic approximation by averaging




Stochastic Gradient Descent
With and without averaging

Convergence plot

—— 5SGD shrink
— S50 average

1071 1

Loss function

0 2000 4000 6000 8OO0 10000 12000 14000
#iterations



Stochastic Gradient Descent
With and without averaging

Convergence plot

—— 5SGD shrink
— S50 average

1071 1

Loss function

0 2000 4000 6000 8OO0 10000 12000 14000
#iterations



Stochastic Gradient Descent
Averaging the last few iterates

Loss function

1071 1

Convergence plot

— 5GD shrink
— SG0 average end

LF

0

2000 4000 G000 BOOO 10000 12000 14000
#iterations



Comparison GD and SGD for strongly
convex

SGD GD
Iteration Lo nl 1
complexity O ( \e ) & (T log (E))
Cost of an
interation O (d) & (nd)

Total complexity = (Iteration complexity) x (Cost of an iteration)



Total complexity GD and SGD for
strongly convex

Approximate solution
Efw’ —w]] < e

SGD Gradient descent

Lmax TLL 1

T > O = -
- ( A ) O(Alog@)

What happens What happens

if € is small? if n is big?



Comparison SGD vs GD

A
log(error)

SGD

time

M. Schmidt, N. Le Roux, F. Bach (2016)

Mathematical Programming
Minimizing Finite Sums with the Stochastic Average

Gradient.

///

Adobe




Comparison SGD vs GD

A
log(error)

SGD

time

M. Schmidt, N. Le Roux, F. Bach (2016)

Mathematical Programming
Minimizing Finite Sums with the Stochastic Average

Gradient.

///

Adobe




Comparison SGD vs GD

A

log(error)

GD

SGD

time

D M. Schmidt, N. Le Roux, F. Bach (2016)
! Mathematical Programming
Adobe Minimizing Finite Sums with the Stochastic Average
Gradient.




Comparison SGD vs GD

A

log(error)

GD

\ SGD

Stoch. Average
Gradient (SAG)

time

D M. Schmidt, N. Le Roux, F. Bach (2016)
! Mathematical Programming
Adobe Minimizing Finite Sums with the Stochastic Average
Gradient.




~ Practical SGD for Sparse Data




Lazy SGD updates for Sparse Data

L2 regularizor +
linear hypothesis

min + Zé ((w,z%),9") + 3lwll3
=1

Finite Sum Training Problem

weRd " 4

Assume each data point 2’ is s-sparse, how

many operations does each SGD step cost?



Lazy SGD updates for Sparse Data

L2 regularizor +
linear hypothesis

min —Zé w, " ,y %HwH%

weR?

Finite Sum Trammg Problem

Assume each data point 2’ is s-sparse, how

many operations does each SGD step cost?

w = w' — oy (ﬁ’((wt,xi>,y ) '+ ')
= (1 = Aapw’ — ol ((w',2'),y’ )2’



Lazy SGD updates for Sparse Data

L2 regularizor +

Finite Sum Trammg Problem linear hypothesis
A 2
min - g C((w, 2"y, y") + 4]|wl|3
weRd "

Assume each data point 2’ is s-sparse, how
many operations does each SGD step cost?

witt = wt — oy (é’((wt,azi%y ) '+ \w )

= (1 — dap)w’ — ' ({(w', z*), y*) 2"
\ Y, g J
Y Y

Rescaling Addition sparse ~ __
O(d) T vector O(s) O(d)




Lazy SGD updates for Sparse Data

SGD step

wi ™ = (1 = day)w® — el ((wh, 2%), y*)

EXE: re-write the iterates using w® = B;2% where 5, € R, z! € RY

Can you update 8; and z* so that each iteration is O(s)?



Lazy SGD updates for Sparse Data

SGD step

wi ™ = (1 = day)w® — el ((wh, 2%), y*)

EXE: re-write the iterates using w® = B;2% where 5, € R, z! € RY

Can you update (8; and z* so that each iteration is O(s)?
5t+12t+1 = (1 — )\Oét)ﬁtzt — at€/(6t<zta $i>a yi)xi

_ ¢ &tf/(5t<ztami>vyi) @
= (1 — o) By (Z - (1 — oy ) s ) )




Lazy SGD updates for Sparse Data
SGD step

wi ™ = (1 = day)w® — el ((wh, 2%), y*)

EXE: re-write the iterates using w® = B;2% where 5, € R, z! € RY

Can you update (8; and z* so that each iteration is O(s)?

Bip1 2T = (1 — Xay) Bezt — ol (Be(2h, ),y )"

=(1—-A t_atg/(6t<z7m>7yi) z)
\( ozt)ﬁjt << (1 — )\Ozt)ﬁt 3
\ 2\
Bt—i—l Zt—l—l

1 1 Oétgl(ﬁt<ztaxi>ayi)i
B = (0= a2 =2 = = G




Lazy SGD updates for Sparse Data
SGD step

Wt = (1 = doy)w? — a ' ((wh, 2%), ")z

EXE: re-write the iterates using w® = B;2% where 5, € R, z! € RY

Can you update (8; and z* so that each iteration is O(s)?

5t+12t+1 = (1 — )\Oét)ﬁtzt — &t€/(5t<2t, $i>a yi)xi

e (4 ),
\ A S L,
O(1) scaling + \ Y
O(s) sparse add B Lt

= O(s) update

1 1 Oétgl(ﬁt<ztaxi>ayi)i
B = (0= a2 =2 = = G



Why Machine Learners Like SGD




Why Machine Learners like SGD

Though we solve:

min + Z (hw(z"),y") + AR(w)

wcRd " 4

We want to solve:

The statistical learning problem:

Minimize the expected loss over an unknown expectation

wrrelifg.ld E(w,y)ND [6 (h’w (ZIS‘), y)]

SGD can solve the
statistical learning problem!



Why Machine Learners like SGD

The statistical learning problem:

Minimize the expected loss over an unknown expectation

wHElil:lgd E(xay)“’p w (hw (CU), y)]

SGD o0.0 for learning
Set w® =0, a >0
fort=0,1,2,..., T —1
sample (x,y) ~ D
calculate v, € 9l(hyt(z),y)
wit = wt — awy

Output w' = - S w!




Coding time!



Appendix




Proof SGDA Part I:

™ — w3 = " —w* =V f(w)]]3

= lw' = w3 = 20,(V f;(w'), w' —w*) + |V f(wh)][5-
Taking expectation with respect to j Unbiased estimator

Ej [[[w™ —w3] = [’ —w]§ = 20(Vf(w'),w' —w*) + oiE; [[[Vf;(w")]]3]

< jwt = w*||3 = 204V f(w'), w' — w*) + a? B?

Convexity < w' —w* |3 = 2a(f(w?) = f(w*)) + af B? Bounded

Taking total expectation and re-arranging Stoch grad

E[f(wh)] - f(w") < ZE[[w —w3] - ZE[w* —w||f] + % B

Summing up for 1 to T

T-—1
1 1 1 1
T t * t * 112
SIAEU) -0 < gt w45 Y (- o) Bl -l
1 B2 &
E M+ — o*112] 4 22
20741 [Hw v Hﬂ * 2 i



Proof Part 1I:

a 1 1=t 1
E|f(wh)] — f(w* < —||lw' — w2+ = ( — )IE wh — w*
;( f(wh)] = fw*)) < 2a1|| 12+ 5 ; P ] |
1 B2 &
_ E [HwT—l—l w*||§} + = oy
2CKT_|_1 2 —1
2 < 42 22 — /1 1\ B
lwll3 < r S_L+wzx ._)+_ ”
Qi1 < oy o1 — o1 o 2 —
22 B? L
= ar T

Finally let w’ = + Zt , w' and dividing by T, using oy = 7%

Elf(wr)] = f(w®)) < %ZE[f(wt)] — f(w")) < TT%T 4 fT S @0

1 272
< + o BQ>
VT (040 °

Minimizing in aq gives ag = v/2r/B and thus

_ N 3rB
E[f(w7)] — f(w*)) < Vﬁ(¢13+¢73)g



" SGD with averaging for non-

smooth and strongly convex
" functions '




Complexity for strongly convex

Theorem (Shrinking stepsize)

T—1
2
If f(w) is A=strongly convex, W' = tw?

2
and o; = then SGD1.2 satisfies

AE+ 1) -
B[ (@) = 1) < 3

SGD 1.2 for Strongly Convex
Set w' =0, oy = MtLﬂ)’
tort=0,1,2,..., 7T —1
sample j € {1,...,n}
w'™ = projp (w' — oV fj(w"))
Output w’




Complexity for strongly convex

Theorem (Shrinking stepsize)

T—1
2
If f(w) is A=strongly convex, W' = tw?

2
and o; = then SGD1.2 satisfies
Alt+1) )
E[f(wT)] — f(’w*) < 2B gii)tlilear
- )\(T —+ 1) convergence

SGD 1.2 for Strongly Convex
Set w' =0, oy = MtLﬂ)’
fort=20,1,2,..., 7T —1
sample j € {1,...,n}
w'™ = projp (w' — oV fj(w"))
Output w’




- SGD for non-smooth functions




SGD Theory for non-smooth

Assumptions

* f(w) is convex

* Subgradients bounded E;||Vf;(w")|]2 < B

* There exists r € Ry such that w* € D :={w :

|wl] <7}

SGD 1.1 theoretical

fort=1,2,...,T

Output w?!

Set w! =0, €R,, oy — 0

{— 00

sample j € {1,...,n}
w'h = projp (w' — @V f;(w"))




Convergence for Convex

Theorem for non-smooth (Shrinking stepsize)

If f(w)is convex,

and o; = ) then SGD1.1 satisfies

Vi

Ohad Shamir and Tong Zhang (2013)
International Conference on Machine Learning
s Stochastic Gradient Descent for Non-smooth Optimization:
Adobe

Convergence Results and Optimal Averaging Schemes.




Convergence for Convex

Theorem for non-smooth (Shrinking stepsize)

If f(w)is convex,

and o; = ) then SGD1.1 satisfies

\/ZL 1
E[f(w’)] — f(w*) = O (—) Stblinear

Ohad Shamir and Tong Zhang (2013)
International Conference on Machine Learning
s Stochastic Gradient Descent for Non-smooth Optimization:
Adobe

Convergence Results and Optimal Averaging Schemes.




Complexity for Strong. Convex

Theorem for non-smooth (Shrinking stepsize)
If f(w) is A—strongly convex,

and o; = % then SGD1.1 satisfies

81/ - f") =0 (57 )

Ohad Shamir and Tong Zhang (2013)
International Conference on Machine Learning
s Stochastic Gradient Descent for Non-smooth Optimization:
Adobe

Convergence Results and Optimal Averaging Schemes.




Complexity for Strong. Convex

Theorem for non-smooth (Shrinking stepsize)
If f(w) is A—strongly convex,

and o; = il then SGD1.1 satisfies

At
Faster
E[f(wT)] — f(w*) =0 L Sublinear
)\T convergence

Ohad Shamir and Tong Zhang (2013)
International Conference on Machine Learning
s Stochastic Gradient Descent for Non-smooth Optimization:
Adobe

Convergence Results and Optimal Averaging Schemes.
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