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Time to get familiarized with convexity, smoothness and strong convexity, and finish
the proof for gradient descent. Least-squares as a bonus special example.

Notation: For every z,y, € R? let (z,v) & r'y and let ||z|2 = \/(z,z).

1 Quick review of eigenvalues of symmetric matrices

Let S be a real squared symmetric matrix of size d x d. Then, the spectral theorem states

that S can be decomposed as
S=UDUT,

where D = diag (\q, ..., \g) is a diagonal matrix and U is such that UUT =U U = I. We
can further assume that Ay < Ao < --- < \y. Values A; are called the eigenvalues of S and
the columns of U are their associated eigenvectors. They are such that for all i € {1, ..., d},

SU; = \U;. (1)

The eigenvectors of S form an orthonormal basis of RY, meaning that any = € R?, z can
be written as © = UU "2 = Zle Ui(U,"z), where the (U, x) are the coefficients of z in
the eigenbasis. In particular, if we note Apin(S) and Apmax(S) the smallest and highest
eigenvalues of S, they can be obtained as:

Amin(S) = min 28z,  Apax(S)= max z'Sz.
z, ||lzll2=1 z, ||lz]|2=1

2 Convexity

We say that a twice differentiable function f : R — R is convex if

or equivalently
Amin (V2f(2)) >0, VzeR™ (3)
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We say that f is pu—strongly convex if

Amin (V2f(:17)) >, VreRY (4)

Ex. 1 — We say that ||| — R, is a norm over R? if it satisfies the following three
properties

1. Point separating: ||z|| =0 < z =0,Vz € R%
2. Subadditive: ||z +y| < |z| + |y|,Vz,y € R?

3.  Homogeneous: |az| = |a|||z|,Vz € R% a € R.

Part 1

Prove that = — ||z|| is a convex function.

Part 11

For every convex function f : y € R™ — f(y), prove that g : € R? » f(Az —b) is a
convex function, where A € R"*% and b € R".

Part IT1

Let f; : R — R be convex for i = 1,...,n. Prove that > iy fi is convex.

Part IV

For given scalars y; € R and vectors a; € R% for i = 1,...,m prove that the logistic
regression function f(z) = 1 3" | In(1 4 e ¥(®%)) is convex.

Part V

Let A € R"*¢ have full column rank. Prove that f(z) = 3||Az—b||3 is Amin(A " A)-strongly
convex.

Part VI

Now suppose that the function f(z) is p—strongly convex, that is, it satisfies
7
F) > F@) +(VF )y — ) + By —al}, Vo,y e RY )
Prove that f(z) satisfies the Polyak—Lojasiewicz condition, that is

IVF(@)II3 > 2p(f () = f(z*), Va. (6)



3 Smoothness

We say that a convex function f:R? — R is L-smooth if

L
Yo,y €RY f(2) < fu) + VW) (@ —y) + S lle -yl 9)
or equivalently if f is twice differentiable then

Amax(V2f(2)) < L, VreRL (10)

Ex. 2 — Partl

Prove that @ +— %|z[|? is 1-smooth.

Part 11

For every twice differentiable L-smooth function f : y € R™ — f(y), prove that g : = €
RY s f(Ax — b) is a smooth function, where A € R"*? and b € R™. Find the smoothness
constant of g.

Part 111

Let f; : R — R be a twice differentiable and L;-smooth for i = 1,...,n. Prove that
LS fiis (X0 &)-smooth.

Part IV

For given scalars y; € R and vectors a; € R? fori = 1, ..., n prove that the logistic regression

function f(z) =1 3" | In(1 4 e7¥(®%)) is smooth. Find the smoothness constant!

Part V
Let A € R™? be any matrix. Prove that 3| Az — b||3 is Amax(AT A)-smooth.

Part VI
(BONUS) Let M > 0 be a positive constant. Let f(z) = 1 3% | ¢;(a z) where ¢; : R — R

n
is a scalar function such that ¢f(t) < M for all t € R. Prove that f(z) is &\ (ATA)-
smooth. With this result, can you find a better estimate of the smoothness constant of the
logistic regression loss?

Hint : Show that —V2f(z) + 2L AT A is positive semidefinite.

Part VII



(Proof of convergence for strongly-convex smooth gradient descent)
(a) Consider wy = wy_1 — %Vf(wt_l) for f L-smooth. Show that

Flwn) < funr) = |95 w3

(b) Using the Polyak—Lojasiewicz condition, show that, for w, a global minimizer of f,

Fwe) < J(wer) = 2 [f(wer) = F(w)].

() Show that f(wy) — f(w,) < (1 - u/L)![f(wo) - f(w.)].

Part VIII

(BONUS) (Proof of convergence for smooth gradient descent)
(a) Show that, for w, a global minimizer of f, (w — w.) "V f(w) > f(w) — f(ws).
(b) Consider wy = w1 — %V f(wi—q) for f L-smooth. Show that, for w, a global minimizer

of f, )
? = = [flwir) = fw.)].

1
2 _ 2
e — wel = N = wal + 197 o)) - =

(c) By linearly combining with f(w;) < f(wi—1) — 52 ||V f'(wi—1)||3, show that

L
tLf(we) — f(ws)] + o llwe = w,?
is decreasing and conclude on the convergence of gradient descent.

Part IX
(BONUS) Co-coercivity. Let f be L-smooth, show that

(Vi) ~ Vi) —2) > V) - Vi3
Hint: Start by showing that f(y) — f(z) < (Vf(y).y — @) — 5| Vf(z) = VI(»)l3, by

considering the lower-bound of f at x and the upper-bound of f at y, both taken at a
generic z.

4 Gradient descent

We will now solve the following ridge regression problem

. ) 1 A def
w =g min, (1w~ 3 + S0l 1)) (12)

weRC
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using gradient descent.

Ex. 3 — Consider the Gradient descent method

wt = w! — aV f(wh), (13)
where
1
— 14
“ )\max(A)7 ( )
is a fixed stepsize and
AL Ly xT 4L (15)

Part I
Show that the gradient V f(x) of (12) is given by

Viw)=Aw—-b=A(w —w"),
where w* is the solution to (12) and
b %Xy.

Now that we have calculated the gradient, re-write the iterates (13) using this gradient.

Part IT

Show or convince yourself that A as defined in (15) is positive semi-definite, that is
(Aw,w) >0, Yw e R, (16)

and that

)\min(A)

Amax(I — OZA) =1- OZAmln(A) =1- m

(17)

Part 111

Show that the iterates (13) converge to w* according to

futtt =l < (1= 22 fut - e

for all t. The number (1 — Apin(A)/Amax(A)) is known as the rate of convergence.



Hint 1: Subtract w* from both sides of (13) and use the results from the previous two

exercises.
Hint 2: Try and show that b = Aw™!

Part IV

Let

def Amax(4)

B )\min(A)’

which is known as the condition number of A. What happens to x as A — oo and A — 0,
respectively? What does this imply about the speed at which gradient descent converges
to the solution?

k(A)



Part V

(BONUS) Let us consider the extreme case where A = 0. Consider the coordinate change
W = P~ w, where P € R%*? is invertible. With this coordinate change we can solve the
problem in w given by

1 A
i = arg min, (31X P =yl + F1PaIR ) (18)

WweR
then switch back the coordinate system to get the solution in w* given by
w* = Pw*. (19)

If we use gradient descent to solve (18), at what rate does it converge? To get the fastest
rate possible, what should P be? Does the choice

P =diag(XX "), (20)

make sense?

Remark: The matrix P is known as the preconditioner and the particular choice given
by (20) is a standard choice known as “feature scaling” and it is often used in machine
learning.



